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Introduction
Topological quantum field theory [104] has become a very fruitful link between physics
and mathematics. In four dimensions, it provides an extremely powerful framework to
apply and test different ideas emerged in the context of duality as a symmetry of extended
supersymmetric gauge theories. Two salient examples are the introduction of the Seiberg-
Witten invariants [72][110], and the strong coupling test of S-duality carried out by Vafa
andWitten [100] from the analysis of a twisted version of theN = 4 supersymmetric gauge
theory. Subsequent generalizations in the framework of the Seiberg-Witten invariants have
enriched the physics [48][60][70][74][76][78][79][84] as well as the mathematical literature
[85][89][97].
The origin of these connections can be traced back to the work of Donaldson in the
early eighties. Donaldson addressed the problem of classifying differentiable structures on
four-manifolds by studying classical non-Abelian gauge theory. He introduced the cele-
brated Donaldson invariants, which are invariants of the diffeomorphism type of smooth
four-manifolds, and which are defined as cohomology classes on instanton moduli spaces
[28][29].
In 1988, Edward Witten made a decisive contribution to the field with his work on
Donaldson theory from the point of view of quantum field theory [104]. He showed
that in a twisted version of the N = 2 supersymmetric gauge theory, now known as the
Donaldson-Witten theory, one can define certain correlation functions which are equivalent
to the Donaldson invariants. His formulation was later reinterpreted by Atiyah and Jeffrey
[6] in a more geometrical setting, as the Mathai-Quillen representative [81] of the Thom
class of a vector bundle associated to the moduli space of instantons.
The realization of the Donaldson invariants as correlation functions of a physical theory
inmediately raises the question as to whether one can use physical methods to calculate
them, and conversely, whether topological computations can be used to test assumed facts
about the behaviour of physical models. This has been repeatedly shown to be the case
in a series of works [79][84][100][109][110].
This thesis is intended to present a thorough analysis of the links between four di-
mensional N = 4 supersymmetric Yang-Mills theory and its topologically twisted coun-
terparts. These theories appear as effective worldvolume theories on D3-branes and M5-
branes wrapping supersymmetric cycles of higher dimensional exotic compactification
manifolds [9][82], and provide a promising arena for testing key ideas as field-theory du-
alities, large N dynamics of supersymmetric gauge theories and, eventually, the recent
9
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AdS-CFT conjecture [71].
For the N = 4 theory, the topological twist can be performed in three different ways
[114], so one ends up with three different topological quantum field theories which, while
living in arbitrary four-dimensional geometries, still retain some information about their
physical origin. The way to unravel and at the same time take advantage of this con-
nection between SYM theories and their twisted counterparts is as follows. The twisted
theories are topological in the sense that the partition function as well as a selected set of
correlation functions are independent of the metric which defines the background geom-
etry. In the short distance regime, computations in the twisted theory are given exactly
by a saddle-point calculation around a certain bosonic background or moduli space, and
in fact the correlation funcions can be reinterpreted as describing intersection theory on
this moduli space. This correspondence can be made more precise through the Mathai-
Quillen construction [6][81], and this topic was addressed in full generality for the N = 4
theories in [56]. Unfortunately, it is not possible to perform explicit computations from
this viewpoint: the moduli spaces one ends up with are generically non-compact, and no
precise recipe is known to properly compactify them.
A complementary approach which sheds more light on the structure of the twisted
theories and allows explicit computations involves the long-distance regime, where one
expects that a good description should be provided by the degrees of freedom of the
vacuum states of the physical theory on IR4. If the physical theory admits an effective
low-energy Seiberg-Witten description [92][93], it might appear that the answer for the
twisted, topological theory should come by integration over the corresponding moduli
space of vacua (the u-plane) of the physical model. This conjecture is indeed true, and has
been recently put on a sound basis by Moore and Witten [84], who have given the precise
recipe for integrating over the u-plane. In the case of the pure N = 2 theory with gauge
group SU(2), they have been able to reproduce well-known results in Donaldson theory.
This approach is at the heart of the successful reformulation of the Donaldson theory
in terms of the Seiberg-Witten invariants proposed by Witten in [110]. The question
immediately arises as to whether it is possible to carry out a similar computation for the
twisted N = 4 theories.
While for the topological theories related to asymptotically free N = 2 theories the
interest lies in their ability to define topological invariants for four-manifolds, for the
twisted N = 4 theories the topological character is used as a tool to perform explicit
computations which may shed light on the structure of the physical N = 4 theory. This
theory is finite and conformally invariant [90], and is conjectured to have a symmetry
exchanging strong and weak coupling and exchanging electric and magnetic fields [83],
which extends to a full SL(2,ZZ) symmetry acting on the microscopic complexified cou-
pling τ0. It is natural to expect that this property should be shared by the twisted theories
on arbitrary four-manifolds. This was checked by Vafa and Witten for one of the twisted
theories and for gauge group SU(2) [100], and it was clearly most interesting to extend
their computation to higher rank groups and to the other twisted theories. In this con-
text, the u-plane approach has been applied to the twisted mass-deformed N = 4 SYM
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theory with gauge group SU(2) [59]. This theory is obtained by twisting the N = 4 SYM
theory with bare masses for two of the chiral multiplets. The physical theory preserves
N = 2 supersymmetry, and its low-energy effective description was given by Seiberg and
Witten [93]. The answer for the twisted theory, which is a topological field theory with
an arbitrary mass parameter, is given explicitly and completely in terms of the periods
and the discriminant of the Seiberg-Witten solution of the physical model. The parti-
tion function of the twisted theory transforms as a modular form and, as in the theory
considered by Vafa and Witten, it is possible to sharpen the computations by including
non-Abelian electric and magnetic ’t Hooft fluxes [44] which are exchanged under duality
in the expected fashion. It is also possible to compute correlation functions for a selected
set of operators, and these turn out to transform covariantly under SL(2,ZZ), following a
pattern which can be reproduced with a far more simple topological Abelian model. All
these resuts will be reviewed in chapter 6.
It would be very interesting, in the light of the AdS/CFT correspondence, to generalize
these results to SU(N) gauge groups, but the generalization involves many non-trivial
constructions which are only available for the pure N = 2 SYM theory [76]. On the other
hand, the Vafa-Witten twist seems to be a far more promising example. In this case,
however, the approach based on the Seiberg-Witten effective description is not useful,
but, as conjectured by Vafa and Witten, one can nevertheless compute in terms of the
vacuum degrees of freedom of the N = 1 theory which results from giving bare masses
to all the three chiral multiplets of the N = 4 theory. As analyzed in detail in [58],
the twisted massive theory is topological on Ka¨hler four-manifolds with h2,0 6= 0, and the
partition function is invariant under the perturbation. Under certain general assumptions,
the construction of Vafa and Witten can be generalized to SU(N) (at least when N is
prime), and the resulting formula turns out to satisfy all the required constraints [61].
It is still not clear what the large N limit of this formula corresponds to on the gravity
side, but the issue certainly deserves further study. These facts will be reviewed in great
length in chapter 5.
As for the third twisted N = 4 theory, no explicit results have been obtained so
far, but some general features are known which constrain the structure of its topological
observables. The theory is believed to be a certain deformation of the four-dimensional
BF theory, and as such it describes essentially intersection theory on the moduli space
of complexified flat connections [14][73]. It has also been pointed out that the theory
is amphicheiral, which means that it is invariant to a reversal of the orientation of the
spacetime manifold. The terminology is borrowed from knot theory, where an oriented
knot is said to be amphicheiral if, crudely speaking, it is equivalent to its mirror image
[69]. From this property it can be shown [56] that the topological invariants of the theory
are completely independent of the complexified coupling τ0. All this will be reviewed in
chapter 7.
The organization of the thesis is as follows. In chapter 1 we present a general in-
troduction to topological quantum field theories from a functional integral perspective.
In chapter 2 we briefly review the Mathai-Quillen formalism, with special emphasis on
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those aspects which are relevant to the work presented here. Several excellent reviews are
available [10][13][20], to which we refer the reader for details. In chapter 3 we review the
structure of the N = 4 theory and study its low-energy effective description for gauge
group SU(2). We also comment on several aspects of electric-magnetic duality on arbi-
trary four-manifolds. In chapter 4 we review the twisting of the N = 4 theory and make
several remarks about the structure of the twisted theories. We also discuss the connec-
tion between topological quantum field theories and string theory. Chapters 5, 6 and 7
deal with each of the twisted N = 4 theories, both from the viewpoint of the twist and
the Mathai-Quillen approach. They also include a thorough description of exact results
for these theories where available. Many technical details are deferred to apendices at the
end of each chapter. Finally, an appendix contains the conventions used throughout this
work.
Chapter 1
Topological quantum field theory
In this chapter we will study the general structure of topological quantum field theory
(TQFT) from a functional integral point of view. The involved functional integration
is not in general well defined but, as in ordinary quantum field theory, an axiomatic
approach has been constructed [7], which we shall not attempt to review here. We will
concentrate instead on a naive functional integral approach. Although not well defined in
general, it is the approach which has shown to be more successful.
The basic framework will consist of an n-dimensional Riemannian manifoldX endowed
with a metric gµν . On this manifold we will consider a set of fields {φi}, and a real
functional of these fields S(φi), which will be regarded as the action of the theory. We
will consider operators Oα(φi), which will in general be arbitrary functionals of the fields.
In TQFT these functionals are labelled by some set of indices α carrying topological
or group-theoretical data. The vacuum expectation value (vev) of a product of these
operators is defined as the following functional integral:
〈Oα1Oα2 · · ·Oαp〉 =
∫
[Dφi]Oα1(φi)Oα2(φi) · · ·Oαp(φi) exp
(− S(φi)). (1.1)
A quantum field theory is considered topological if it possesses the following property:
δ
δgµν
〈Oα1Oα2 · · ·Oαp〉 = 0, (1.2)
i.e. if the vacuum expectation values (vevs) of some set of selected operators remain
invariant under variations of the metric gµν on X. If such is the case, these operators are
called observables.
There are two ways to guarantee, at least formally, that condition (1.2) is satisfied.
The first one corresponds to the situation in which both the action S and the operators
Oα, are metric-independent. These TQFTs are called of the Schwarz type [10]. In the
case of Schwarz-type theories one must first construct an action which is independent of
the metric gµν . The method is best illustrated by considering an explicit example. Let us
take into consideration the most interesting case of this type of theories: Chern-Simons
gauge theory [105]. The data in the Chern-Simons gauge theory are the following: a
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differentiable compact three-manifold X, a gauge group G, which will be taken simple
and compact, and an integer parameter k. The action is the integral of the Chern-Simons
form associated to a gauge connection A corresponding to the group G:
SCS(A) =
∫
X
Tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
. (1.3)
Observables are constructed out of operators which do not contain the metric gµν . In
gauge-invariant theories, as is the case here, one must also demand that these operators be
invariant under gauge transformations. The basic set of observables in the Chern-Simons
gauge theory is provided by the trace of the holonomy of the gauge connection A in some
representation R along a 1-cycle γ in X, that is, the Wilson loop:
TrR
(
Holγ(A)
)
= TrRP exp
∫
γ
A. (1.4)
The vevs are labelled by representations Ri and embeddings γi of S
1 into X:
〈TrR1Pe
∫
γ1
A
. . .TrRnPe
∫
γn
A〉 =
∫
[DA]TrR1Pe
∫
γ1
A
. . .TrRnPe
∫
γn
Ae
ik
4pi
SCS(A). (1.5)
A non-perturbative analysis of the theory [105] shows that the invariants associated to
the observables (1.5) are knot and link invariants as the Jones polynomial [51] and its
generalizations. The perturbative analysis has confirmed this result and has shown to
provide a very useful framework to study the Vassiliev invariants (see [55][67] for a brief
review.)
Another important set of TQFT of the Schwarz type are the BF theories [45]. These
can be formulated in any dimension and are believed to be, as the Chern-Simons gauge the-
ory, exactly solvable quantum field theories. We will not describe them in this work. They
have recently acquired importance since it has been pointed out that four-dimensional
Yang-Mills theories could be regarded as a deformation of these theories [19].
The second way to guarantee (1.2) corresponds to the case in which there exists a
symmetry, whose infinitesimal form will be denoted by δ, with the following properties:
δOα(φi) = 0, Tµν(φi) = δGµν(φi), (1.6)
where Tµν(φi) is the energy-momentum tensor of the theory, i.e.
Tµν(φi) =
δ
δgµν
S(φi), (1.7)
and Gµν(φi) is some functional of the fields φi.
The fact that δ in (1.6) is a symmetry of the theory means that the transformations
δφi of the fields are such that both δS(φi) = 0 and δOα(φi) = 0. Conditions (1.6) lead,
at least formally, to the following relation for vevs:
δ
δgµν
〈Oα1Oα2 · · ·Oαp〉 = −
∫
[Dφi]Oα1(φi)Oα2(φi) · · ·Oαp(φi)Tµν exp
(− S(φi))
= −
∫
[Dφi]δ
(
Oα1(φi)Oα2(φi) · · ·Oαp(φi)Gµν exp
(− S(φi))) = 0, (1.8)
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which implies that the quantum field theory can be regarded as topological. In (1.8) it has
been assumed that the action and the measure [Dφi] are invariant under the symmetry
δ. We have also assumed in (1.8) that the observables are metric-independent. This is a
common situation in this type of theories, but it does not have to be so. In fact, in view
of (1.8), it would be possible to consider a wider class of operators satisfying:
δ
δgµν
Oα(φi) = δOµνα (φi), (1.9)
with Oµνα (φi) a certain functional of the fields of the theory.
This second class of TQFTs is called cohomological or of the Witten type [10][107].
Its most celebrated representatives are the four-dimensional Donaldson-Witten theory
[104], which can be regarded as a certain twisted version of the N = 2 supersymmetric
Yang-Mills theory, and the two-dimensional topological sigma models [106], which are
also twisted versions of the conventional N = 2 sigma model. In fact, all the twisted
supersymmetric quantum field theories are topological field theories of this type.
It is important to remark that the symmetry δ must be a scalar symmetry. The reason
is that, being a global symmetry, the corresponding generator must be covariantly constant
and for arbitrary manifolds this property, if satisfied at all, implies strong restrictions
unless the generator is a singlet under the holonomy of the manifold.
Most of the TQFTs of cohomological type satisfy the relation:
S(φi) = δΛ(φi), (1.10)
for some functional Λ(φi). This has far-reaching consequences, for it means that the
topological observables of the theory (in particular the partition function itself) are in-
dependent of the value of the coupling constant. Indeed, let us consider for example the
vev:
〈Oα1Oα2 · · ·Oαp〉 =
∫
[Dφi]Oα1(φi)Oα2(φi) · · ·Oαp(φi) exp
(
− 1
e2
S(φi)
)
. (1.11)
Under a change in the coupling constant, 1/e2 → 1/e2 − ∆, one has (assuming that the
observables do not depend on the coupling), up to first order in ∆:
〈Oα1Oα2 · · ·Oαp〉 −→ 〈Oα1Oα2 · · ·Oαp〉
+∆
∫
[Dφi]δ
[
Oα1(φi)Oα2(φi) · · ·Oαp(φi)Λ(φi) exp
(
− 1
e2
S(φi)
)]
= 〈Oα1Oα2 · · ·Oαp〉.
(1.12)
Hence, observables can be computed either in the weak coupling limit, e → 0, or in the
strong coupling limit, e→∞.
So far we have presented a rather general definition of TQFT and made a series of
elementary remarks. Now we will analyse some aspects of its structure. We begin by
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pointing out that given a theory in which (1.6) holds, one can build correlators which cor-
respond to topological invariants (in the sense that they are invariant under deformations
of the metric gµν) just by considering the operators of the theory which are invariant un-
der the symmetry. We will call these operators observables. Actually, to be more precise,
we will call observables to certain classes of those operators. In virtue of eq. (1.8), if one
of these operators can be written as a symmetry transformation of another operator, its
presence in a correlation function will make it vanish. Thus we may identify operators
satisfying (1.6), which differ by an operator which corresponds to a symmetry transforma-
tion of another operator. Let us denote the set of the resulting classes by {Φ}. Actually,
in general, one could identify bigger sets of operators since two operators of which one
does not satisfy (1.6) could lead to the same invariant if they differed by an operator
which is a symmetry transformation of another operator. For example, consider O such
that δO = 0 and O + δΓ. Certainly, both operators lead to the same observables. But
it may well happen that δ2Γ 6= 0 and therefore we have operators, which do not satisfy
(1.6), that must be identified. The natural way out is to work equivariantly, which in this
context means that one must consider only operators which are invariant under both δ
and δ2. It turns out that in most of the cases (and in particular, in all the cases that we
will be considering) δ2 is a gauge transformation, so in the end all that has to be done is
to restrict the analysis to gauge-invariant operators, a very natural requirement. Hence,
by restricting the analysis to the appropriate set of operators, one has in fact,
δ2 = 0. (1.13)
Property (1.13) has striking consequences on the features of TQFT. First, the sym-
metry must be odd, which implies the presence in the theory of commuting and anti-
commuting fields. For example, the tensor Gµν in (1.6) must be anticommuting. This is
the first appearance of an odd non-spinorial field in TQFT. Those kinds of objects are
standard features of cohomological TQFTs. Secondly, if we denote by Q the operator
which implements this symmetry, the observables of the theory can be described as the
cohomology classes of Q:
{Φ} = kerQ
imQ
, Q2 = 0. (1.14)
Equation (1.6) means that in addition to the Poincare´ group the theory possesses a
symmetry generated by an odd version of the Poincare´ group. The corresponding odd
generators are constructed out of the tensor Gµν in much the same way as the ordinary
Poincare´ generators are built out of Tµν . For example, if Pµ represents the ordinary
momentum operator, there exists a corresponding odd one Gµ such that
Pµ = {Q,Gµ}. (1.15)
Let us discuss the structure of the Hilbert space of the theory in virtue of the symme-
tries that we have just described. The states of this space must correspond to representa-
tions of the algebra generated by the operators in the Poincare´ group and Q. Furthermore,
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as follows from the analysis leading to (1.14), if one is interested only in states |Ψ〉 leading
to topological invariants, one must consider states that satisfy
Q|Ψ〉 = 0, (1.16)
and two states which differ by a Q-exact state must be identified. The odd Poincare´
group can then be used to generate descendant states out of a state satisfying (1.16). The
operators Gµ act non-trivially on the states and in fact, out of a state satisfying (1.16),
we can build additional states using this generator. The simplest case consists of∫
γ1
Gµ|Ψ〉, (1.17)
where γ1 is a 1-cycle. One can easily verify using (1.6) that this new state satisfies (1.16):
Q
∫
γ1
Gµ|Ψ〉 =
∫
γ1
{Q,Gµ}|Ψ〉 =
∫
γ1
Pµ|Ψ〉 = 0. (1.18)
Similarly, one may construct other invariants by tensoring n operators Gµ and integrating
over n-cycles γn: ∫
γn
Gµ1Gµ2 ...Gµn |Ψ〉. (1.19)
Notice that since the operator Gµ is odd and its algebra is Poincare´-like the integrand
in this expression is an n-form. It is straightforward to prove that these states also
satisfy condition (1.16). Therefore, starting from a state |Ψ〉 ∈ kerQ we have built a
set of partners or descendants giving rise to a topological multiplet. The members of a
multiplet have well defined ghost number. If one assigns ghost number −1 to the operator
Gµ, the state in (1.19) has ghost number −n plus the ghost number of |Ψ〉. Of course,
n is bounded by the dimension of the manifold X. Among the states constructed in this
way there may be many which are related via another state which is Q-exact, i.e.which
can be written as Q acting on some other state. Let us try to single out representatives
at each level of ghost number in a given topological multiplet.
Consider an (n− 1)-cycle which is the boundary of an n-dimensional surface, γn−1 =
∂Sn. If one builds a state taking such a cycle one finds (Pµ = −i∂µ)∫
γn−1
Gµ1Gµ2 ...Gµn−1 |Ψ〉 = i
∫
Sn
P[µ1Gµ2Gµ3 ...Gµn]|Ψ〉 = iQ
∫
Sn
Gµ1Gµ2 ...Gµn |Ψ〉, (1.20)
i.e.it is Q-exact. The symbols [ ] in (1.20) denote that all indices between them must
by antisymmetrized. In (1.20) use has been made of (1.15). This result tells us that the
representatives we are looking for are built out of the homology cycles of the manifold
X. Given a manifold X, the homology cycles are equivalence classes among cycles, the
equivalence relation being that two n-cycles are equivalent if they differ by a cycle which
is the boundary of an (n + 1)-dimensional surface. Thus, knowledge of the homology
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of the manifold on which the TQFT is defined allows us to classify the representatives
among the operators (1.19). Let us assume that X has dimension d and that its homology
cycles are γin, in = 1, ..., dn, n = 0, ..., d, dn being the dimension of the n-homology group,
and d the dimension of X. Then, the non-trivial partners or descendants of a given
highest-ghost-number state |Ψ〉 are labelled in the following way:∫
γin
Gµ1Gµ2 ...Gµn |Ψ〉, in = 1, ..., dn, n = 0, ..., d. (1.21)
A construction similar to the one just described can be made for fields. Starting with
a field φ(x) which satisfies
[Q, φ(x)] = 0, (1.22)
one can construct other fields using the operators Gµ. These fields, which we will call
partners or descendants, are antisymmetric tensors defined as
φ(n)µ1µ2...µn(x) =
1
n!
[Gµ1 , [Gµ2 ...[Gµn , φ(x)}...}}, n = 1, ..., d. (1.23)
Using (1.15) and (1.22) one finds that these fields satisfy the so-called topological descent
equations:
dφ(n) = i[Q, φ(n+1)}, (1.24)
where the subindices of the forms have been suppressed for simplicity, and the highest-
ghost-number field φ(x) has been denoted as φ(0)(x). These equations enclose all the
relevant properties of the observables which are constructed out of them. They constitute
a very useful tool to build the observables of the theory. Let us consider an n-cycle and
the following quantity:
W
(γn)
φ =
∫
γn
φ(n). (1.25)
The subindex of this quantity denotes the highest-ghost-number field out of which the
form φ(n) is generated. The superindex denotes the order of such a form as well as the cycle
used in the integration. Using the topological descent equations (1.24) it is immediate to
prove that W
(γn)
φ is indeed an observable:
[Q,W
(γn)
φ } =
∫
γn
[Q, φ(n)} = −i
∫
γn
dφ(n−1) = 0. (1.26)
Furthermore, if γn is a trivial homology cycle, γn = ∂Sn+1, one obtains that W
(γn)
φ is
Q-exact:
W
(γn)
φ =
∫
γn
φ(n) =
∫
Sn+1
dφ(n) = i
∫
Sn+1
[Q, φ(n+1)} = i
[
Q,
∫
Sn+1
φ(n+1)
}
, (1.27)
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and therefore its presence in a vev makes it vanish. Thus, similarly to the previous analysis
leading to (1.21), the observables of the theory are operators of the form (1.25):
W
(γin )
φ , in = 1, ..., dn, n = 0, ..., d, (1.28)
where, as before, dn denotes the dimension of the n-homology group. Of course, these
observables are a basis of observables, but one can make arbitrary products of them,
leading to new ones.
One may wonder at this point how it is possible that there may be observables which
depend on the space-time position x and nevertheless lead to topological invariants. For
example, an observable containing the zero form φ(0)(x) seems to lead to vevs which
depend on x, since the space-time position x is not integrated over. A closer analysis,
however, shows that this is not the case. As follows from the topological descent equa-
tion (1.24), the derivative of φ(0)(x) with respect to x is Q-exact and therefore such a
vev is actually independent of the space-time position. This is completely analogous to
the situation in conventional supersymmetric gauge theories, where it is well-known [2]
that certain correlation functions (as the gaugino condensate) are independent of spatial
separation and can be computed in either the short or long distance limits.
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Chapter 2
The Mathai-Quillen formalism
TQFTs of the cohomological type are conventionally characterized by three basic data:
fields, symmetries, and equations [10][20][107]. The starting point is a configuration space
M, whose elements are fields φi defined on some Riemannian manifold X. These fields
are generally acted on by some group G of local transformations (gauge symmetries,
or a diffeomorphism group, among others), so that one is naturally led to consider the
quotient spaceM/G. Within this quotient space, a certain subset of special configurations
or moduli space,M0, is singled out by a set of equations s(φi) = 0:
M0 = {φi ∈M|s(φi) = 0}/G. (2.1)
This moduli space is generically finite-dimensional. The crucial aspect of topological field
theories is that the path integral localizes to these configurations
Z =
∫
M
Dφi e−S(φi) −→
∫
M0
· · · , (2.2)
and this makes it possible to express partition and correlation functions as finite dimen-
sional integrals over the moduli space.
In standard supersymmetric theories, this type of special configurations typically arise
as supersymmetric or BPS configurations, which are characterized by the property that
they preserve a certain fraction of the supersymmetries [87]. For example, in N = 2
supersymmetric gauge theories, the supersymmetry variation of the gaugino reads
δψ = Fµνγ
µνǫ, (2.3)
so that for ǫ satisfying ǫ = γ5ǫ we find that instanton configurations with F
+ = 0 are
invariant under half of the supersymmetries, while the other half generate fermion zero
modes in the instanton background. In cohomological field theories a similar mechanism
works: the moduli space is defined as the fixed point set of the topological symmetry δ
[108]. Within this framework, δ furnishes a representation of the G-equivariant cohomol-
ogy on the field space. When G is the trivial group, δ is nothing but the de Rham (or
exterior differential) operator on the field space.
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The next step consists of building the topological theory associated to this moduli
problem. We will do this within the framework of the Mathai-Quillen formalism [81].
This formalism is the most geometric of all the approaches leading to the construction
of TQFTs. It can be applied to any Witten-type theory. It was first implemented in
the context of TQFT by Atiyah and Jeffrey [6], and later further developed in two works
[11][20]. The basic idea behind this formalism is the extension, to the infinite-dimensional
case, of ordinary finite-dimensional geometric constructions. Soon after the formulation of
the first TQFTs it became clear that the partition function of these theories was related
to the Euler class of a certain bundle associated to the space of solutions of the basic
equations of the theory. In the finite-dimensional case there are many different, though
equivalent, forms of thinking on the Euler class, which we will recall bellow. The Mathai-
Quillen formalism basically consists of generalizing one of these forms to the infinite-
dimensional case. In what follows we will give a brief account of the fundamentals of the
construction. For further details, we refer the reader to [13][20][57], where comprehensive
reviews on this approach are presented.
2.1 Finite-dimensional case
Let X be an orientable, boundaryless, compact n-dimensional manifold. Let us consider
an orientable vector bundle E → X of rank rk(E) = 2m ≤ n over X. For completeness we
recall that a vector bundle E , with a 2m-dimensional vector space F as fibre, over a base
manifold X, is a topological space with a continuous projection, π : E → X, such that
∀x ∈ X, ∃Ux ⊂ X, open set, x ∈ Ux, E is a product space, Ux×F , when restricted to Ux.
This means that there exists a homeomorphism ϕ : Ux × F → π−1(U) which preserves
the fibres, i.e.π(ϕ(x, f)) = x, with f ∈ F .
There exist two complementary ways of defining the Euler class of E , e(E) ∈ H2m(X):
1. In terms of sections. A section s of E is a map s : X → E such that π(s(x)) = x.
A generic section is one which is transverse to the zero section, and which therefore
vanishes on a set of dimension n−2m. In this context e(E) shows up as the Poincare´
dual (in X) of the homology class defined by the zero locus of a generic section of
E .
2. In terms of characteristic classes. The approach makes use of the Chern-Weil theory,
and gives a representative e∇(E) of e(E) associated to a connection ∇ in E :
e∇(E) = (2π)−mPf(Ω∇), (2.4)
where Pf(Ω∇) stands for the Pfaffian of the curvature Ω∇, which is an antisymmetric
matrix of two-forms. The representative e∇(E) can be written in “field-theoretical”
form:
e∇(E) = (2π)−m
∫
dχe
1
2
χaΩab∇ χb , (2.5)
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by means of a set of real Grassmann-odd variables χa, a = 1, . . . , 2m, satisfying the
Berezin rules of integration: ∫
dχaχb = δab. (2.6)
If rk(E) = 2m = n = dim(X), one can evaluate e(E) on X to obtain the Euler number
of E in two different ways:
χ(E) =
∑
xk:s(xk)=0
(±1),
χ(E) =
∫
X
e∇(E).
(2.7)
In the first case, one counts signs at the zeroes of a generic section (notice that in this case
a generic section has a zero locus s(x) = 0 consisting of a finite set of isolated points.) In
the second case, one integrates the differential form (2.4) over X. Of course, both results
coincide, and do not depend either on the section s (as long as it is generic) or on the
connection ∇. When 2m < n one can evaluate e(E) on 2m-cycles or equivalently take the
product with elements of Hn−2m(X) and evaluate it on X.
In the particular case that E ≡ TX the expression χ(E) =∑xk:s(xk)=0(±1), which gives
the Euler number of the base manifold X, can be generalized to a non-generic vector field
V (which is a section of the tangent bundle)
χ(X) = χ(XV ), (2.8)
where XV is the zero locus of V , which is not necessarily zero-dimensional.
In this framework the Mathai-Quillen formalism gives a representative of the Euler
class es,∇(E), which interpolates between the two approaches described above. It depends
explicitly on both a section s and a connection ∇ on E :
es,∇(E) ∈ [e(E)],
χ(E) =
∫
X
es,∇(E), (if 2m = n). (2.9)
The construction of es,∇ is given by the formalism. First, it provides an explicit repre-
sentative of the Thom class [16], Φ(E), of E . Let E → X be a vector bundle of rank 2m
with fibre F , and let us consider the cohomology of forms with Gaussian decay along the
fibre. By integrating the form along the fibre, one has an explicit isomorphism (the Thom
isomorphism) between k forms over E and k − 2m forms over X. This isomorphism can
be made explicit with the aid of the Thom class, whose representative Φ(E) is a closed
2m-form over E with Gaussian decay along the fibre such that its integral over the fibre is
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unity. In terms of this form, and given any arbitrary p-form ω over X, its image under the
Thom isomorphism is the p+2m form π∗(ω)∧Φ(E), which by construction has Gaussian
decay along the fibre. π∗(ω) is the pull-back of ω by the projection π : E → X. If s is
any section of E , the pull-back of the Thom form under s, s∗Φ(E), is a closed form in
the same cohomology class as the Euler class e(E). If s is a generic section, then s∗Φ(E)
is the Poincare´ dual of the zero locus of s. Mathai and Quillen constructed an explicit
representative, Φ∇(E), of the Thom form in terms of a connection ∇ in E . Its pull-back
by a section s, es,∇(E) = s∗Φ∇(E), is represented as a Grassmann integral:
es,∇(E) = (2π)−m
∫
dχe−
1
2
|s|2+ 1
2
χaΩab∇ χb+i∇saχa. (2.10)
As a consistency check, note that, as follows from (2.5), es=0,∇(E) = e∇(E), i.e. the
pull-back of the Mathai-Quillen representative by the zero section gives back the Euler
class of E . es,∇(E) is a closed 2m-form. This can be verified after integrating over the
Grassmann-odd variables χa. It is closed because the exponent is invariant under the
transformations
δs = ∇s, δχa = isa(x). (2.11)
These transformations square “on-shell” (that is, using the χ equation of motion i∇sa =
Ωab∇χb) to rotations by the curvature matrix Ω∇,
δ2sa = Ωab∇ sb, δ
2χa = Ωab∇χb. (2.12)
The Mathai-Quillen representative (2.10) interpolates between the two different ap-
proaches to the Euler class of a vector bundle described above. This statement can be
made more precise as follows. The construction of es,∇(E) is such that it is cohomologous
to e∇(E) for any choice of a generic section s. Take for example the case n = 2m, and
rescale s→ γs. Nothing should change, so in particular:
χ(E) =
∫
X
eγs,∇(E). (2.13)
We can now study (2.13) in two different limits:
1. Limit γ → 0: after using (2.5), χ(E) = (2π)−m ∫ Pf(Ω∇).
2. Limit γ → ∞: the curvature term in (2.10) can be neglected, and the integration
in (2.10) localizes to a finite sum over the “moduli space” s(x) = 0, leading to
χ(E) =∑xk:s(xk)=0(±1). These signs are generated by the ratio of the determinants
of ∇s and its modulus, which result from the Gaussian integrations after expanding
around each zero xk.
This localization property can be restated in terms of the Grassman odd scalar sym-
metry δ. Notice that the fixed point of the symmetry transformations (2.11) is the set
sa(x) = 0 = ∇s, which is precisely the moduli space to which the integration (2.13)
localizes. This is a simple realization of the general result due to Witten [108] that we
mentioned above.
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2.2 Infinite-dimensional case
We now turn into the study of the infinite-dimensional case. The main complication
that one finds in this case is that e(E) is not defined. By taking advantage of what we
have learned so far, we could try to generalize the Mathai-Quillen formalism to define
something analogous to an Euler class for E . It turns out that this is actually possible,
and the outcome of the construction is what is called a regularized Euler number for the
bundle E . Unfortunately, it depends explicitly on the section chosen for the construction,
so it is important to make good selections.
The outline of the construction is as follows. First recall that, as stated in (2.8), in
the finite-dimensional case χ(X) = χ(XV ) when V is non-generic, i.e.when its zero locus,
XV , has dimension dim(XV ) < 2m. For X infinite-dimensional the idea is to introduce
a vector field V with finite-dimensional zero locus. The regularized Euler number of E
would then be defined as:
χV (X) = χ(XV ), (2.14)
which explicitly depends on V . By analogy with the finite-dimensional case one expects
that:
χV (X) =
∫
X
eV,∇(TX), (2.15)
as a functional integral, where eV,∇(TX) is meant to be the Mathai-Quillen representative
for the corresponding Euler class.
In general, the regularized Euler number χs(E) of an infinite-dimensional vector bundle
E is given by:
χs(E) =
∫
X
es,∇(E), (2.16)
where es,∇(E) is given by the Mathai-Quillen formalism. The construction follows the
pattern of the finite-dimensional case. But it is important to remark that (2.16) makes
sense only when the zero locus of s, Xs, is finite-dimensional. χs(E) is then the Euler
number of some finite-dimensional vector bundle over Xs, and it corresponds to the reg-
ularized Euler number of the infinite-dimensional bundle E . Of course, χs(E) depends
on s, but if s is naturally associated to E one expects to obtain interesting topological
information. For topological quantum field theories, s is given by the fixed points of the
fermionic symmetry δ, which in turn comes from the underlying supersymmetry of the
theory. The expression in the exponential in (2.10) is the action of the topological model,
and the first term, −1
2
|s|2, gives the purely bosonic terms in the action, while ∇saχa gives
the kinetic energy of the fermions (notice that ∇s is a one-form on X, so one can see it
as a fermion). The situation where there are local symmetries in the problem (such as
conventional gauge symmetries) is more involved, but one can easily extend the formalism
to cover these cases as explained in great detail in [20]. We will review the construction
when we describe the twisted N = 4 theories below.
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Chapter 3
The N = 4 supersymmetric gauge
theory in four dimensions
In this chapter we will review some aspects of the four-dimensional N = 4 supersymmetric
gauge theory. We will describe the Seiberg-Witten solution for the low-energy effective
description of the N = 4 theory with gauge group SU(2), and we will make several
remarks concerning the Montonen-Olive strong/weak-coupling duality symmetry of the
theory on arbitrary four-manifolds.
3.1 N = 4 supersymmetric gauge theory
We begin with the standard N = 4 supersymmetric gauge theory on flat IR4. Our
conventions regarding spinor notation are almost as in Wess and Bagger [103], with some
differences that we conveniently compile in the final appendix.
The N = 4 supersymmetric Yang-Mills theory is unique once the gauge group G and
the microscopic coupling τ0 =
θ0
2π
+ 4πi
e20
are fixed. The Lagrangian and supersymmetry
transformations can be constructed from the N = 1 supersymmetric Yang-Mills theory in
10 dimensions by dimensional reduction on a six-torus [17]. The ten-dimensional Lorentz
group SO(1, 9) splits as SO(1, 3)×SO(6)I, where SO(1, 3) is the four-dimensional Lorentz
group, while SO(6)I ≃ SU(4)I , which corresponds to the rotation group in the extra di-
mensions, appears in the four-dimensional theory as a global symmetry group (it is in fact
the automorphism orR symmetry group of the N = 4 supersymmetry algebra). The field
content of the model is the following: a gauge field Aαα˙, four Weyl gauginos λu
α and their
complex conjugates λ¯uα˙ (which come from the 10-dimensional Majorana-Weyl gaugino)
transforming respectively in the representations 4 and 4¯ of SU(4)I (u, v, w, . . . = 1, 2, 3, 4
are SU(4)I indices), and six scalars φuv (which come from the 10-dimensional gauge field)
in the 6 of SU(4)I . All the fields above take values in the adjoint representation of some
compact Lie group G. Being in the representation 6, the scalars φuv satisfy antisymmetry
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and self-conjugacy constraints:
φuv = −φvu,
φuv = (φuv)
† = φ∗vu = −
1
2
ǫuvwzφwz; ǫ1234 = ǫ
1234 = +1.
(3.1)
The action for the model in Euclidean space is:
S = 1
e20
∫
d4xTr
{−1
8
∇αα˙φuv∇α˙αφuv − iλvα∇αα˙λ¯vα˙ − 1
4
FmnF
mn
− i√
2
λu
α[λvα, φ
uv] +
i√
2
λ¯uα˙[λ¯
vα˙, φuv] +
1
16
[φuv, φwz][φ
uv, φwz]
}
− iθ0
32π2
∫
d4xTr
{ ∗FmnFmn }.
(3.2)
We have introduced the covariant derivative ∇αα˙ = σmαα˙(∂m + i[Am, ]) (together with
its corresponding field strength Fmn = ∂mAn − ∂nAm + i[Am, An]) and the trace Tr in
the fundamental representation. The action (3.2) is invariant under the following four
supersymmetries (in SU(4)I covariant notation):
δAαα˙ = −2iξ¯uα˙λuα + 2iλ¯uα˙ξuα,
δλuα = −iF+αβξuβ + i
√
2ξ¯vα˙∇αα˙φvu − iξwα[φuv, φvw],
δφuv =
√
2
{
ξu
αλvα − ξvαλuα + ǫuvwz ξ¯wα˙λ¯zα˙
}
,
(3.3)
where F+α
β = σmnα
βFmn. Notice that there are no auxiliary fields in the action (3.2).
Correspondingly, the transformations (3.3) close the supersymmetry algebra on-shell.
In IR4, the global symmetry group of N = 4 supersymmetric theories is H = SU(2)L⊗
SU(2)R ⊗ SU(4)I , where K = SU(2)L ⊗ SU(2)R is the rotation group SO(4). The
supersymmetry generators responsible for the transformations (3.3) are Quα and Q¯uα˙
They transform as (2, 1, 4¯)⊕ (1, 2, 4) under H.
From the point of view of N = 1 superspace, the theory contains one N = 1 vector
multiplet and three N = 1 chiral multiplets. These supermultiplets are represented in
N = 1 superspace by superfields V and Φs (s = 1, 2, 3), which satisfy the constraints
V = V † and D¯α˙Φs = 0, being D¯α˙ a superspace covariant derivative. The physical
component fields of these superfields are:
V −→ Aαα˙, λ4α, λ¯4α˙,
Φs,Φ
†s −→ Bs, λsα, B†s, λ¯sα˙.
(3.4)
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In terms of these fields, the SU(4)I tensors that we introduced above are defined as
follows:
{4} → λu = {λ1, λ2, λ3, λ4},
{6} → φuv ∼ {Bs, B†s},
{4¯} → λ¯u = {λ¯1, λ¯2, λ¯3, λ¯4},
(3.5)
where by ∼ we mean precisely:
φuv =

0 −B†3 B†2 −B1
B†3 0 −B†1 −B2
−B†2 B†1 0 −B3
B1 B2 B3 0
 , φuv =

0 B3 −B2 B†1
−B3 0 B1 B†2
B2 −B1 0 B†3
−B†1 −B†2 −B†3 0
 . (3.6)
The action (3.2) takes the following form in N = 1 superspace:
S = − i
4π
τ0
∫
d4xd2θTr(W 2) +
i
4π
τ¯0
∫
d4xd2θ¯Tr(W †2)
+
1
e20
3∑
s=1
∫
d4xd2θd2θ¯Tr(Φ†seVΦse−V )
+
i
√
2
e20
∫
d4xd2θTr
{
Φ1[Φ2,Φ3]
}
+
i
√
2
e20
∫
d4xd2θ¯Tr
{
Φ†1[Φ†2,Φ†3]
}
,
(3.7)
where Wα = − 116D¯2e−VDαeV is the supersymmetric field strength.
3.2 Electromagnetic duality in the N = 4 theory
Within the last five years, electromagnetic duality has become a powerful tool to unravel
the structure of strongly coupled quantum gauge theories and string theory. In many the-
ories with N = 1 [91] and N = 2 [92][93] supersymmetry, duality shows up as a symmetry
of the effective low-energy description, and it plays a prominent role in disentangling the
infrared dynamics – see [35] for a review. On the other hand, in the N = 4 theory and
some special N = 2 theories, the duality is exact, in the sense that it is conjectured to
hold valid at all energy scales.
The massless N = 4 supersymmetric theory has zero beta function, and it is believed
to be exactly finite and conformally invariant, even non-perturbatively [90]. The full
duality group is actually SL(2,ZZ), which includes a ZZ2 corresponding to the interchange
of electric and magnetic charges along with the interchange of strong and weak coupling
as originally proposed some twenty years ago by Montonen and Olive [83][86].
The purpose of this section is to discuss some aspects of this duality. We will start by
briefly reviewing the definition of the magnetic group Hv dual to a compact Lie group H
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[34]. We follow the discussions in [41] and [30]. In a gauge theory with unbroken gauge
group H one can consider two kinds of quantum numbers. Electric quantum numbers are
fixed by the representations under which the fields transform, and take values in the weight
lattice ΛH
weight
ofH . Magnetic quantum numbers are topological in nature, and are related
to gauge configurations over two-spheres. They are in fact the winding numbers of the
equatorial transition functions f(φ) : S2 −→ H , and the Dirac quantization condition, as
generalized by Goddard, Nuyts and Olive [34], forces them to take values in the coweight
lattice ΛH
coweight
of H , which is dual to ΛH
weight
.
The following step is to realize that the magnetic quantum numbers of H are the
electric quantum numbers of another dual group Hv, whose weight lattice is dual to that
of H , and whose root lattice ΛH
v
root
is the coroot lattice ΛH
coroot
of H spanned by the simple
coroots ~αvi = 2
~αi
~α2
which is dual to ΛH
root
. Therefore, the true symmetry group of the theory
is actually H ⊗ Hv. Now, the Montonen-Olive duality conjecture [83] follows simply as
the statement that the electric and magnetic factors are exchanged under an inversion of
the coupling constant e0 → 1/e0.
Let us consider the example H = SU(N) in detail. Since SU(N) is simply laced,
SU(N) and SU(N)v have the same Lie algebra su(N). Also, we can identify the coweight
lattice of SU(N) with the root lattice of su(N). Thus, Λ
SU(N)v
weight = Λ
SU(N)
coweight = Λ
SU(N)
root =
Λ
SU(N)v
root . But since Λ
SU(N)v
weight = Λ
SU(N)v
root , SU(N)v has no center (ΛHweight/Λ
H
root ≃ Center(H)),
and therefore SU(N)v = SU(N)/ZZN .
Now we can wonder as to how we expect to see Montonen-Olive duality in the N = 4
theory. First of all, in presence of a non-zero θ0 angle, the original ZZ2 transformation
e0 → 1/e0 is extended to a full SL(2,ZZ) symmetry acting on τ01
τ0 −→ aτ0 + b
cτ0 + d
, a, b, c, d ∈ ZZ, ad− bc = 1. (3.8)
Then, under τ0 → −1/τ0 we expect G to be exchanged with its dual Gv. This SL(2,ZZ)
duality imposes strong constraints on the spectrum of the theory, and those have led to
a series of successful tests on the BPS part of spectrum [30][39][87][94].
In addition to this, in the N = 4 theory all the fields take values in the adjoint
representation of G. Hence, as pointed out by ’t Hooft [44], if H2(X, π1(G)) 6= 0 it is
possible to consider non-trivial G/Center(G) gauge configurations with discrete magnetic
’t Hooft flux through the two-cycles of X. In fact, G/Center(G) bundles on X are
classified by the instanton number and a characteristic class v ∈ H2(X, π1(G)). For
example, if G = SU(2), we have SU(2)/ZZ2 = SO(3) and v is the second Stiefel-Whitney
class w2(E) of the gauge bundle E. This Stiefel-Whitney class can be represented in
De Rham cohomology by a cohomology class (a class of differential two-forms under the
equivalence relation a2 ∼ b2 ⇔ a2 = b2 + dc1, where a2, b2 are two-forms and c1 is a one-
form) in H2(X,ZZ) defined modulo 2, i.e., w2(E) and w2(E) + 2ω, with ω ∈ H2(X,ZZ),
1 On arbitary four-manifolds X , the symmetry group may be reduced to a subgroup of SL(2,ZZ) as
shown in [100][101][111].
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represent the same ’t Hooft flux, so if w2(E) = 2λ, for some λ ∈ H2(X,ZZ), then the
gauge configuration is trivial in SO(3) (it has no ’t Hooft flux.)
Similarly, for G = SU(N) one can fix fluxes in H2(X,ZZN) (the corresponding Stiefel-
Whitney class is defined modulo N .) One has therefore a family of partition functions
Zv(τ0), one for each magnetic flux v. The SU(N) partition function is obtained by
considering the zero flux partition function (up to a factor whose origin is explained in
[100]), while the SU(N)/ZZN partition function is obtained by summing over all v, and
both are to be exchanged under τ0 → −1/τ0. The action of SL(2,ZZ) on the Zv should
be compatible with this exchange, and according to [100][113], the τ0 → −1/τ0 operation
mixes the Zv by a discrete Fourier transform
Zv(−1/τ0) = N−b2/2
(τ0
i
)w/2( τ¯0
−i
)w¯/2 ∑
u∈H2(X,ZZ)
e2πiu·v/N Zu(τ0). (3.9)
The modular weights w and w¯ are linear combinations of the Euler characteristic χ and
the signature σ of X. This pattern has been checked for the physical N = 4 theory on
T 4 in [33].
As for the twisted N = 4 theories to be described below, it would be natural to expect
that they should behave in the same way under duality. In fact, for the twisted theories,
and in generic circumstances, the partition function depends holomorphically on τ0, so
one would actually expect that they should obey (3.9) with w¯ = 0. This was checked by
Vafa and Witten for one of the twisted theories and for gauge group SU(2) [100], and their
result has been generalized to G = SU(N) (with N prime) in [61]. Similar results have
been recently derived for another twisted version of the N=4 theory within the u-plane
approach [59]. We will review these results in great detail in chapters 5 and 6 below.
3.3 The Seiberg-Witten solution
The massless N = 4 theory has a moduli space of vacua in the Coulomb phase consisting
of several equivalent copies which are interchanged by the SU(4)I symmetry. Each of
these copies corresponds to one of the scalar fields φuv developing a non-zero vacuum
expectation value. There is a classical singularity at the origin of the moduli space, which
is very likely to survive even in the quantum regime.
Life gets more interesting if one deforms the N = 4 supersymmetric theory by giving
bare masses, m
∫
d4xd2θTr(Φ1Φ2) + h.c. , to two of the chiral multiplets. This mass-
deformed theory still retains N = 2 supersymmetry: the massive superfields build up
an N = 2 hypermultiplet, while the remaining chiral superfield, together with the vector
superfield, build up an N = 2 vector multiplet. The low-energy effective description of
this theory was worked out, for the SU(2) gauge group, by Seiberg and Witten in [93].
Their results were subsequently extended to SU(N) by Donagi and Witten in [27], where
a link to the SU(N) Hitchin integrable system was established. D’Hoker and Phong have
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analyzed the SU(N) theory in terms of the elliptic Calogero-Moser integrable system [21],
and have extended the computations to arbitrary gauge groups [22].
Some quantitative discrepancies between the proposed solution and explicit instanton
calculations have been pointed out in [31]. The explicit structure of the effective theory for
gauge group SU(2) has been much clarified by Ferrari [32], who has also given a detailed
account of the BPS spectrum.
For gauge group SU(2) and for generic values of the mass parameter, the moduli space
of physically inequivalent vacua forms a one complex-dimensional compact manifold (the
u-plane). This manifold parametrizes a family of elliptic curves, which encodes all the
relevant information about the low-energy effective description of the theory. The explicit
solution is given by the curve:
Y 2 =
3∏
j=1
(
X − ej(τ0)z − 1
4
e2j (τ0)m
2
)
, (3.10)
where
e1(τ0) =
1
3
(ϑ44 + ϑ
4
3), e2(τ0) = −
1
3
(ϑ42 + ϑ
4
3), e3(τ0) =
1
3
(ϑ42 − ϑ44), (3.11)
and ϑ2, ϑ3 and ϑ4 are the Jacobi theta functions – see the appendix to chapter 6 below for
more details. Notice that the curve (3.10) depends explicitly on τ0 through the modular
forms ej , so SL(2,ZZ) duality is actually built in from the start.
The parameter z in (3.10) is a global gauge-invariant coordinate on the moduli space
and it is a modular form of weight 2 under the microscopic duality group. It differs from
the physical order parameter 〈Trφ2〉 by instanton corrections [31], which are not predicted
by the Seiberg-Witten solution. The precise relation is given by:
z = 〈Trφ2〉 − 1
8
m2e1(τ0) +m
2
∞∑
n=1
cnq
n
0 , q0 = e
2iπτ0 . (3.12)
Notice that the instanton corrections cn are invisible in the double-scaling limit q0 → 0,
m → ∞, with 4m4q0 = Λ04, under which the mass-deformed theory flows towards the
pure N = 2 gauge theory and z → u = 〈Trφ2〉. Here Λ0 is the dynamically generated
scale of the N = 2, Nf = 0 theory.
The low-energy description breaks down at certain points zi where the elliptic curve
degenerates. This happens whenever any two of the roots of the cubic polynomial∏3
j=1
(
X − ejz − (1/4)e2jm2
)
coincide. These singularities, which from the physical point
of view are interpreted as due to BPS-saturated multiplets becoming massless, are located
at the points [93]:
zi =
m2
4
ei (3.13)
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These BPS states are generically dyons carrying non-zero magnetic charge, and can be
constructed in the semiclassical regime by quantizing the zero modes of the elementary
fields of the theory in the background of the dyon [39]. For the massless N = 4 theory,
these zero modes build up a short N = 4 vector multiplet with spins up to 1 [88], and
this explains why the monopoles (with unit magnetic charge and no electric charge) can
be dual, in the Montonen-Olive sense, to the elementary vector bosons. A non-zero value
of the mass m lifts half of the zero modes, and the remaining ones build up the N = 2
hypermultiplets which produce the singularities.
Following Ferrari [32], we choose |q0| small, m large, with m4q0 ∼ Λ04. Under these
circumstances, at strong (effective) coupling, there are two singularities at z2, z3, with
|z2 − z3| ∼ Λ02, which flow to the singularities of the pure gauge theory in the double-
scaling limit. At weak (effective) coupling, there is a third singularity, located at z1, due to
an electrically charged (adjoint) quark becoming massless. For this choice of parameters,
we have the explicit formulas:
k2 =
ϑ2(τ)
4
ϑ3(τ)4
=
ϑ2(τ0)
4
ϑ3(τ0)4
z − z1
z − z3
, k
′2 = 1− k2 = ϑ4(τ)
4
ϑ3(τ)4
=
ϑ4(τ0)
4
ϑ3(τ0)4
z − z2
z − z3 , (3.14)
relating the coordinate z to the modulus k of the associated elliptic curve (3.10). Here
τ = τ0− 3im4πa4 e2iπτ0+· · · [31] is the complexified effective coupling of the low-energy theory,
and enters the formalism as the ratio of the two basic periods of the elliptic curve. The
first period of the curve is given by the formula:
da
dz
=
√
2
π
1
ϑ3(τ0)2
√
z − z3 K(k), (3.15)
where
K(k) =
π
2
ϑ3(τ)
2 (3.16)
is the complete elliptic integral of the first kind, and a is related to the vacuum expectation
value of the Higgs field, 〈φ〉 = aσ3/2. The second period can be computed from (3.15)
as daD
dz
= τ da
dz
. Owing to the cuts and non-trivial monodromies present on the u-plane2,
daD
dz
is not globally defined, and the actual formulas are somewhat more involved [32]. In
any case, the final expression for the u-plane integral will be invariant under monodromy
transformations, so the above naive expression is sufficient for our purposes.
Around each of the singularities we have the following series expansion:
z = zj + κj qj
1
2 + · · · (3.17)
where qj = e
2πiτj is the good local coordinate at each singularity: τ1 = τ for the semi-
classical singularity at z1, τ2 = τD = −1/τ for the monopole singularity at z2, and
τ3 = τd = −1/(τ − 1) for the dyon singularity at z3.
2“z-plane” would be more accurate here, but the former terminology is by now so widespread that we
prefer to stick to it.
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Using (3.14), one can readily compute:
κ1(τ0) = 4m
2
(
ϑ3ϑ4
ϑ2
)4
, κ2(τ0) = −4m2
(
ϑ2ϑ3
ϑ4
)4
, κ3(τ0) = 4m
2
(
ϑ2ϑ4
ϑ3
)4
. (3.18)
At the singularities, each of the periods has a finite limit when expressed in terms of the
appropriate local coordinate: (
da
dz
) 2
1
=
2
m2
1
(ϑ3(τ0)ϑ4(τ0))4
,(
daD
dz
) 2
2
=
2
m2
1
(ϑ2(τ0)ϑ3(τ0))4
,(
d(aD − a)
dz
) 2
3
= − 2
m2
1
(ϑ2(τ0)ϑ4(τ0))4
.
(3.19)
Chapter 4
Twisting the N = 4 supersymmetric
gauge theory
The twist in the context of supersymmetric four-dimensional gauge theories was intro-
duced by Witten in [104], where he showed that a twisted version of the N = 2 supersym-
metric gauge theory with gauge group SU(2) is a relativistic field-theory realization of
the Donaldson theory of four-manifolds. Soon after Witten’s breakthrough, Yamron [114]
generalized the construction to the N = 4 supersymmetric gauge theory and described
the structure of two of the possible non-equivalent twists of these theories and pointed
out the existence of a third one.
The purpose of this chapter is to describe the possible twists of the N = 4 super-
symmetric gauge theory. It is intended to provide a general introduction to the next
three chapters. We assume that the reader is familiar with the analogous (yet simpler)
procedure in N = 2 theories [1][10][104][109].
In four dimensions, the global symmetry group of the extended supersymmetric gauge
theories is of the form H = SU(2)L ⊗ SU(2)R ⊗ I, where K = SU(2)L ⊗ SU(2)R is
the rotation group, and I is the chiral R-symmetry group. The supercharges Qiα, Q¯α˙j
transform under H as (2, 1,N) and (1, 2, N¯), where N is generically an N -dimensional
representation of the R-symmetry group – N is the number of independent supersymme-
tries. The aim of the twist is to extract from these supercharges one (or several) global
scalar fermionic symmetries – as described in chapter 1 – which always exist regardless of
the space-time topology. Now to create a scalar supercharge out of spinor supercharges
one has to modify somehow the action of the rotation group on the supercharges. The
idea is to gauge a subgroup of the R-symmetry group with the spin connection in such
a way that at least a linear combination of the original supercharges be a singlet under
a combined Lorentz plus chiral rotation – see [66] for a review. Depending on how we
choose this subgroup, we will obtain different theories after the twisting1. While in N = 2
1Note than on a general four-manifold the holonomy group is SU(2)L ⊗ SU(2)R, so the twist will be
an observable effect, that is, the twisted theory and the physical theory will be inequivalent. However,
on a hyper-Ka¨hler manifold the holonomy is simply SU(2)R, so if one gauges the chiral current with
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supersymmetric gauge theories the R-symmetry group is at most U(2) and thus the twist
is essentially unique, in the N = 4 supersymmetric gauge theory the R-symmetry group
is SU(4) and there are three different possibilities, depending on how we embedd the
rotation group into the R-symmetry group [56][100][114].
The possible choices are found just by analyzing how the 4 of SU(4)I splits in terms
of representations of the rotation group K. There are just three possibilities which will
give a topological symmetry for a given choice of the SU(2) component of K: (i) 4 →
(2, 1)⊕(2, 1), (ii) 4→ (2, 1)⊕(1, 1)⊕(1, 1) and (iii) 4→ (2, 1)⊕(1, 2), each of which leads
to a different topological quantum field theory. Choosing the other SU(2) component of
K one would obtain the equivalent twists: 4→ (1, 2)⊕ (1, 2), 4→ (1, 2)⊕ (1, 1)⊕ (1, 1)
and 4 → (1, 2) ⊕ (2, 1). As described below these alternative twists are related to the
previous ones by a reversal of the orientation of the four-manifold X.
Cases (i) and (iii) lead to topological field theories with two supercharges. One of
these (i) was considered by Vafa and Witten [100] in order to carry out an explicit test
of S-duality on several four-manifolds, and will be analyzed in full detail in chapter 5.
It has the unusual feature that the virtual dimension of its moduli space is exactly zero.
This feature was analysed from the perspective of balanced topological field theories in
[25], while the underlying structure had already been anticipated within the framework
of supersymmetric quantum mechanics in [12].
Case (iii) was first discussed in [73], where it was shown to correspond to a topological
theory of complexified flat gauge connections. This idea was pursued further in [14],
where a link to supersymmetric BF theories in four dimensions was established. We will
study this theory in chapter 7, where it will be shown that the theory is amphicheiral,
this meaning that the twist with either SU(2)L or SU(2)R leads essentially to the same
theory.
The remaining possibility (ii) leads to the “half-twisted theory”, a topological theory
with only one BRST supercharge [114]. This feature is reminiscent of the situation in
twisted N = 2 supersymmetric gauge theories, and in fact [56], the theory is a close rel-
ative of the non-Abelian monopole theory [48][63][64][74], the non-Abelian generalization
of Witten’s monopole theory [110], for the special case in which the matter fields are in
the adjoint representation of the gauge group – see chapter 6 below.
4.1 Twisted N = 4 supersymmetry and the Mathai-
Quillen approach
In the forthcoming chapters we will analyze to exhaustion the three cases described above,
both from the viewpoint of the twisting of N = 4 supersymmetry and the Mathai-Quillen
approach. It is well known that topological quantum field theories obtained after twisting
the SU(2)L part of the holonomy only, the twisting is trivial, and the twisted and physical theories are
equivalent.
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N = 2 supersymmetric gauge theories can be formulated in the framework of the Mathai-
Quillen formalism [6][20][74]. One would expect that a similar formulation should exist for
the N = 4 case. Though it turns out that this is so, there is an important issue that has to
be addressed to clarify what is meant by a Mathai-Quillen formulation in the latter case.
Twisted N = 2 supersymmetric gauge theories have an off-shell formulation such that the
topological quantum field theory action can be expressed as a Q-exact expression, where
Q is the generator of the topological symmetry. Actually, this is true only up to a θ-term.
However, the R-symmetry group of the N = 2 supersymmetric gauge theories contains
a U(1) factor which becomes the ghost-number symmetry of the topological theory. But
this chiral U(1) is anomalous, so one can actually get rid of the θ-term with a chiral
rotation. As a result of this, the observables in the topological theory are unsensitive to
θ-terms up to a rescaling. What remains is just the Q-exact part of the action which is
precisely the one obtained in the Mathai-Quillen formalism.
On the other hand, in N = 4 supersymmetric gauge theories θ-terms are observable.
There is no chiral anomaly and these terms can not be shifted away as in the N = 2 case.
This means that in the twisted theories one might have a dependence on the coupling
constants (in fact, this was one of the key observations in [100] to make a strong coupling
test of S-duality.) This being so we first have to clarify what one expects to be the form
of the twisted theories in the framework of the Mathai-Quillen formalism. To do this let
us focus on the part of the action of a twisted theory (coming from any gauge theory with
extended supersymmetry) involving the gauge field strength,
SX = − 1
4e2
∫
X
√
gd4xTr(F µνFµν)− iθ
16π2
∫
X
Tr(F ∧ F ) + . . . , (4.1)
where X is an oriented Riemannian four-manifold endowed with a metric gµν . We are
using conventions such that,
k =
1
16π2
∫
X
Tr(F ∧ F ) = 1
32π2
∫
X
√
gTr(∗FµνF µν)
=
1
32π2
∫
X
√
gTr
{
(F+)2 − (F−)2}, (4.2)
is the instanton number of the gauge configuration. Decomposing the field strength F
into its self-dual and anti-selfdual parts,
F±µν =
1
2
(Fµν ± 1
2
ǫµνρσF
ρσ), (4.3)
we see that (4.1) can be written in the following two forms:
SX = − 1
2e2
∫
X
√
gd4xTr(F+µνF+µν)− 2πiτ
1
16π2
∫
X
Tr(F ∧ F ) + . . .
= − 1
2e2
∫
X
√
gd4xTr(F−µνF−µν)− 2πiτ¯
1
16π2
∫
X
Tr(F ∧ F ) + . . . ,
(4.4)
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where
τ =
θ
2π
+
4πi
e2
. (4.5)
What we intend to discuss here is the difference between the two possible choices which
are present when picking up one of the components of the rotation group. It turns out
that choosing one of them, say, the left or twist T , one must consider the first form of the
action in (4.4) since then, after working out its off-shell formulation, it can be written as
STX =
1
2e2
∫
X
√
gd4x {Q,Λ} − 2πiτ 1
16π2
∫
X
Tr(F ∧ F ), (4.6)
for some Λ, while it one chooses the other one, the right or twist T˜ , one finds,
S T˜X =
1
2e2
∫
X
√
gd4x {Q˜, Λ˜} − 2πiτ¯ 1
16π2
∫
X
Tr(F ∧ F ), (4.7)
for some Λ˜ and some Q˜. These actions correspond to an orientable four-manifold X with
a given orientation. The actions of the two twists are related in the following way:
STX = S T˜X˜
∣∣∣
τ→−τ¯
, (4.8)
where the four-manifolds X and X˜ are related by a reversal of orientation.
For twisted theories coming from (asymptotically free) N = 2 supersymmetric gauge
theories, observables do not depend on the coupling constant e because it appears only
in a term which is Q-exact. They do not depend on τ either, up to a rescaling, due to
the chiral anomaly. In the case of twisted theories N = 4 theories, however, the partition
function and the observables do depend on e and θ through τ . In both cases one needs
to consider only one of the types of twist, say T , since, according to (4.8), the other just
leads to the observables that one would obtain by working on X˜ instead of X. In the
first case this statement is exact and in the second case one must supplement it with the
replacement τ → −τ¯ . Therefore one can say that up to a reversal of orientation there is
only one possible twist from N = 2 supersymmetric gauge theories and three, as stated
in [114] and described in detail above, from the N = 4 theory.
After these remarks on the twisting procedure we will state what is meant by a Mathai-
Quillen formulation of topological quantum field theories resulting after twisting N = 4
supersymmetric gauge theories. The Mathai-Quillen formulation builds out of a moduli
problem a representative of the Thom class associated to a certain vector bundle. This
representative can always be written as an integral of the exponential of a Q-exact ex-
pression. The three twists of N = 4, after working out their off-shell formulation, can be
written as in (4.6). We will present for each case the moduli problem which in the context
of the Mathai-Quillen approach leads to the Q-exact part of the action. In other words,
we will find out the geometrical content which is behind each of the three twists.
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4.2 String theory and twisted N = 4 topological field
theories
This section is intended to give and overview of the known relations between string theory
and topological quantum field theories. Almost everything of what we will be saying is
well-known and nothing is new.
Several isolated links between string theory and topological quantum field theories
have been known for some time. In 1991, Harvey and Strominger pointed out that S-
matrix elements describing zero momentum scattering of spacetime axions off fivebranes
in heterotic string theory are proportional to the Donaldson polynomials [42]. Indeed, the
set of ground states of N static fivebranes is precisely the moduli space of N -instanton
configurations on the four-dimensional manifold transverse to the fivebranes [18], and the
transitions between different ground states are governed by effective vertices which are
formally identical to the topological observables which represent the Donaldson invariants
in the twisted N = 2 supersymmetric gauge theory [104]. The effective theory describing
the dynamics and interactions of the fivebranes is a six-dimensional sigma model with
target the moduli space of instantons, but one could be tempted to conjecture that the
twisted N = 2 theory could provide a dual effective description of the dynamics.
A second connection in the same direction stems from a result of Taubes [96] pointing
out a relation between the Seiberg-Witten invariants [110], which capture the essential
topological information of many twisted four-dimensional supersymmetric theories, and
the Gromov invariants, which arise in the context of two-dimensional topological sigma
models [106]. This relation has been discussed in [26] in connection with the Vafa-Witten
theory for G = SU(2).
New, recent developments in string theory have unveiled more concrete and truly un-
expected relations. Bershadsky, Sadov and Vafa [9], and Minahan, Nemschansky, Vafa
and Warner [82], have pointed out that the three twisted N = 4 theories appear nat-
urally in compactifications of string/M theory as world-volume effective theories of IIB
D-threebranes or M-fivebranes wrapping supersymmetric cycles of the compactification
space. The idea is as follows – see [14][99] for a review. Consider a certain compactifica-
tion of type IIB theory on a d-dimensional compact manifold Wd, and a D3-brane with
worldvolume X4 wrapped around a supersymmetric 4-cycle of Wd (this is a 4-dimensional
submanifold of Wd defined by the property that a D-brane wrapping around it preserves
some supersymmetries [8].) The effective theory on the threebrane is generically anN = 4
supersymmetric gauge theory, with the six real scalars describing the position of the brane
in the ambient space. Or more precisely, the scalars are sections of the normal bundle
of X4 in M10 (the 10-dimensional space where the full string theory lives), which is 6-
dimensional. But since X4 is embedded in Wd, d− 4 of the scalars will be twisted as they
are actually sections of the normal bundle of X4 relative to Wd. Now by supersymmetry,
the rest of the fields in the N = 4 multiplet will be twisted as well, so the general result is
that the effective theory is a certain twisted version of the N = 4 theory. Which twisted
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version one ends up with depends on the details of the compactification. Consider for
example the Vafa-Witten theory. As we will see in the next chapter, the theory contains
three real scalar fields, while the remaining three are twisted to a self-dual two-form. Thus
the compact space Wd must be 7-dimensional. Likewise, as there are two independent
twisted supersymmetries, and the D-brane generically preserves 1/2 of the supersymme-
tries left unbroken by the compactification, we need a 7 manifold preserving 1/8-th of the
supersymmetry. This is a 7-manifold of G2 holonomy, which indeed has supersymmetric
4-cycles whose normal bundle is precisely Ω2,+(X) (the bundle of self-dual two-forms on
X), as expected. A similar analysis [9] shows that the second twist arises in compactifi-
cations on an 8-dimensional Spin(7)-holonomy manifold, while the amphicheiral theory
is realized on supersymmetric cycles of SU(4)-holonomy Calabi-Yau 4-folds. In all these
cases the structure of the normal bundle and the number of unbroken supersymmetries
agree with what is expected for each of the twisted theories.
As for the M5-brane, it is known that [24] the effective theory on a worldvolume of
the form IR4 × T 2 is again the N = 4 gauge theory (the gauge coupling constant is
just the modular parameter of the torus, and the SL(2,ZZ)-duality of the N = 4 theory
follows simply from the SL(2,ZZ) action on the modular parameter of T 2.) If we now
consider more general worldvolumes of the form X × T 2, where X is a supersymmetric
cycle of a given compactification manifold, the effective theory on X should be again
a twisted N = 4 theory. This fact has been exploited in [82] to study certain six-
dimensional tensionless strings. Actually, in all these cases the twisted N = 4 theories
should correspond to the long-wavelength limit of the effective theory on the curved
branes, whose correct description should involve a twisted version of the appropriate
Born-Infeld theory on the branes [40][95].
All these connections seem to suggest a deep relation between string theory and topo-
logical field theories which would be worth to study in the future. The most promising
avenue to explore and exploit these connections seems to be the recent AdS/CFT con-
jecture [38][71][112] – see [54] for a review. Gopakumar and Vafa [36][37] have recently
shown that in the large N (’t Hooft) limit, the Chern-Simons theory is dual to a certain
topological closed string theory. As for the twisted N = 4 theories, no real progress has
been made so far (but see [47][113], where some interestings issues in this direction are
addressed.)
Chapter 5
The Vafa-Witten theory
In this chapter we will concentrate on the first of the topological theories that can be
constructed by twisting the N = 4 theory. The twisted theory, for gauge group SU(2),
was considered by Vafa and Witten [100] to carry out an explicit test of S-duality on
several four-manifolds. The partition function of this theory computes, under certain
circumstances, the Euler characteristic of instanton moduli spaces, making it possible to
fix, by comparing with known mathematical results, several unknown modular functions
which can not be determined otherwise. The final computation requires the introduction
of a clever mass perturbation which, while breaking down the N = 4 supersymmetry
of the physical theory down to N = 1, still preserves one of the topological symmetries
of the theory. A similar approach was introduced by Witten in [109] to obtain the first
explicit results for the Donaldson-Witten theory just before the far more powerful Seiberg-
Witten approach was available. However, this approach is restricted to Ka¨hler manifolds
with b+2 > 1. Vafa and Witten conjectured that, in the case of the theory at hand, the
perturbation does not affect the final result for the partition function. We will carefully
analyze and confirm their conjecture and extend their computation to gauge group SU(N),
with N prime.
5.1 The twisted theory
After the twisting, the symmetry group of the theory becomes H′ = SU(2)′L ⊗ SU(2)R ⊗
SU(2)F , where SU(2)F is a subgroup of SU(4)I that commutes with the branching 4→
(2, 1) ⊕ (2, 1) and remains in the theory as a residual isospin group. Under H′, the
supercharges split up as,
Qvα → Qi, Qiαβ, Q¯vα˙ → Q¯iαα˙, (5.1)
where the index i labels the fundamental representation of SU(2)F . The twist has pro-
duced two scalar supercharges, the SU(2)F doublet Q
i. These scalar charges are defined
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in terms of the original supercharges as follows:
Qi=1 ≡ Qv=1α=1 +Qv=2α=2,
Qi=2 ≡ Qv=3α=1 +Qv=4α=2.
(5.2)
The fields of the N = 4 multiplet decompose under H′ as follows:
Aαα˙ −→ Aαα˙,
λvα −→ χiβα, ηi,
λ¯vα˙ −→ ψiαα˙,
φuv −→ ϕij, Gαβ .
(5.3)
Notice that the fields χiαβ and Gαβ are symmetric in their spinor indices and therefore
can be regarded as components of self-dual two-forms. ϕij is also symmetric in its isospin
indices and thus transforms in the representation 3 of SU(2)F . Some of the definitions in
(5.3) need clarification. Our choices for the anticommuting fields are,
χi=1(αβ) =

χi=1(11) = λv=1,α=1,
χi=1(12) =
1
2
(λv=1,α=2 + λv=2,α=1),
...
ηi=1 = λv=1,α=2 − λv=2,α=1,
ψi=1,α=1,2α˙ = λ¯
v=1,2
α˙ ,
(5.4)
while for the scalars φuv:
ϕij =
(
φ12
1
2
(φ14 − φ23)
1
2
(φ14 − φ23) φ34
)
,
Gαβ =
(
φ13
1
2
(φ14 + φ23)
1
2
(φ14 + φ23) φ24
)
.
(5.5)
In terms of the twisted fields, the N = 4 action (3.2) takes the form (remember that
we are still on flat IR4):
S(0) = 1
e20
∫
d4xTr
{ 1
4
∇αα˙ϕij∇α˙αϕij − 1
4
∇αα˙Gβγ∇α˙αGβγ − iψjβα˙∇α˙αχjαβ
− i
2
ψjαα˙∇α˙αηj −
1
4
FmnF
mn − i√
2
χi
αβ [χjαβ, ϕ
ij] +
i√
2
χiαβ[χiαγ , G
βγ]
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− i√
2
χiαβ[ηi, G
αβ]− i
2
√
2
ηi[ηj , ϕ
ij] +
i√
2
ψiαα˙[ψiβ
α˙, Gα
β]
− i√
2
ψiαα˙[ψ
j
α
α˙, ϕij] +
1
4
[ϕij , ϕkl][ϕ
ij, ϕkl]− 1
2
[ϕij , Gαβ][ϕ
ij, Gαβ]
+
1
4
[Gαβ , Gγδ][G
αβ , Gγδ]
}− iθ0
32π2
∫
d4xTr
{ ∗FmnFmn }.
(5.6)
The Qi-transformations of the twisted theory can be readily obtained from the corre-
sponding N = 4 supersymmetry transformations. These last transformations are gener-
ated by ξv
αQvα+ ξ¯
v
α˙Q¯v
α˙. According to our conventions, to obtain the Qi-transformations
one must set ξ¯vα˙ = 0 and make the replacement:
ξvα =
{
ξv=(1,2)α → ǫi=1Cβ=(1,2)α,
ξv=(3,4)α → ǫi=2Cβ=(1,2)α,
(5.7)
where Cβα (or Cβ˙α˙, Cij) is the antisymmetric (invariant) tensor of SU(2) with the con-
vention C21 = C
12 = +1. The resulting transformations are:
δAαα˙ = 2iǫjψ
j
αα˙,
δF+αβ = 2ǫi∇(αα˙ψiβ)α˙,
δψiαα˙ = −i
√
2ǫj∇αα˙ϕji + i
√
2ǫi∇βα˙Gβα,
δχiαβ = −iǫiF+αβ − iǫi[Gγα, Gγβ]− 2iǫj [Gαβ , ϕji],
δηi = 2iǫk[ϕij, ϕ
jk],
δϕij =
√
2ǫ(iηj),
δGαβ =
√
2ǫiχiαβ ,
(5.8)
where, for example, ǫ(iηj) =
1
2
(ǫiηj + ǫjηi). The transformations (5.8) satisfy the on-shell
algebra [δ1, δ2] = 0 modulo a non-Abelian gauge transformation generated by the scalars
ϕij . For example, [δ1, δ2]Gαβ = −4
√
2iǫ1
iǫ2
j [ϕij , Gαβ]. The algebra closes on-shell, and
one has to impose the equations of motion for the anticommuting fields ψiαα˙ and χ
i
αβ . In
terms of the generators Qi, the algebra takes the form:
{Q1, Q1} = δg(ϕ22),
{Q1, Q2} = δg(ϕ12),
{Q2, Q2} = δg(ϕ11),
(5.9)
where by δg(ϕ22) we denote the non-Abelian gauge transformation generated by ϕ22. As
explained in [114], it is possible to realize the algebra off-shell by inserting the auxiliary
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fields Nαβ (symmetric in its spinor indices) and Mαα˙ in the transformations of ψ
i
αα˙ and
χiαβ . This is the opposite to the situation one encounters in the associated physical N = 4
theory, where an off-shell formulation in terms of unconstrained fields is not possible.
After some suitable manipulations, the off-shell formulation of the twisted theory takes
the form:
S(1) = 1
e20
∫
d4xTr
{ 1
4
∇αα˙ϕij∇α˙αϕij + i√
2
M α˙α∇βα˙Gβα − iψjβα˙∇α˙αχjαβ
− i
2
ψjαα˙∇α˙αηj +
i
2
NαβF+αβ −
i√
2
χi
αβ [χjαβ, ϕ
ij] +
i√
2
χjαβ [χjαγ, G
βγ]
− i√
2
χjαβ[ηj , G
αβ]− i
2
√
2
ηi[ηj , ϕ
ij] +
i√
2
ψjαα˙[ψjβ
α˙, Gα
β]− 1
4
Mαα˙M
α˙α
− i√
2
ψiαα˙[ψ
j
α
α˙, ϕij] +
1
4
[ϕij, ϕkl][ϕ
ij , ϕkl]− 1
2
[ϕij, Gαβ][ϕ
ij , Gαβ]
+
1
4
NαβN
αβ +
i
2
Nαβ [Gγ
α, Gγβ]
}− 2πiτ0 1
32π2
∫
d4xTr
{ ∗FmnFmn }.
(5.10)
The corresponding off-shell transformations are:
δAαα˙ = 2iǫjψ
j
αα˙,
δF+αβ = 2ǫi∇(αα˙ψiβ)α˙,
δψiαα˙ = −i
√
2ǫj∇αα˙ϕji + ǫiM ′αα˙,
δχiαβ = −2iǫj [Gαβ , ϕji] + ǫiN ′αβ ,
δηi = 2iǫj [ϕik, ϕ
jk],
δϕij =
√
2ǫ(iηj),
δGαβ =
√
2ǫjχjαβ,
δM ′αα˙ = ǫ
i
{−i∇αα˙ηi + 2√2i[ψjαα˙, ϕij]},
δN ′αβ = ǫ
i
{√
2i[ηi, Gαβ ]− 2
√
2i[χjαβ, ϕ
j
i]
}
.
(5.11)
With the aid of the transformations (5.11) it is easy (but rather lengthy) to show that the
action (5.10) can be written as a double Q-commutator plus a τ0-dependent term, that
is,
ǫ2S(1) = δ2F − ǫ22πikτ0 = −1
2
ǫ2{Qi, [Qi,F ]} − ǫ22πikτ0, (5.12)
(here δ ≡ ǫi[Qi, } and k is the instanton number), with
F = 1
e20
∫
d4x
{ i
2
√
2
F+αβG
αβ +
1
4
√
2
NαβG
αβ +
1
8
ψjαα˙ψ
jα˙α
+
i
6
√
2
Gαβ [G
β
γ, G
γα]− i
12
√
2
ϕij[ϕ
j
k, ϕ
ik]
}
.
(5.13)
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The next step is to couple the theory to an arbitrary background metric gµν of Eu-
clidean signature. This can be done as follows: first, covariantize the expression (5.13)
and the transformations (5.11), and second, define the new action to be δ2Fcov. The
resulting action is:
S(1)c =
1
e20
∫
X
d4x
√
gTr
{ 1
4
∇αα˙ϕij∇α˙αϕij + i√
2
M α˙αDβα˙Gβα − iψjβα˙Dα˙αχjαβ
− i
2
ψjαα˙∇α˙αηj +
i
2
NαβF+αβ −
i√
2
χi
αβ[χjαβ, ϕ
ij] +
i√
2
χjαβ[χjαγ, G
βγ ]
− i√
2
χjαβ [ηj , G
αβ]− i
2
√
2
ηi[ηj , ϕ
ij] +
i√
2
ψjαα˙[ψjβ
α˙, Gα
β]− 1
4
Mαα˙M
α˙α
− i√
2
ψiαα˙[ψ
j
α
α˙, ϕij ] +
1
4
[ϕij , ϕkl][ϕ
ij , ϕkl]− 1
2
[ϕij , Gαβ][ϕ
ij , Gαβ]
+
1
4
NαβN
αβ +
i
2
Nαβ [Gγ
α, Gγβ]
}− 2πiτ0 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν },
(5.14)
where we have introduced the full covariant derivative Dαα˙. The action (5.14) is, by
construction, invariant under the appropriate covariantized version of the transformations
(5.11). However, it is not manifestly real because it contains fields in the fundamental
representation of SU(2)F , which are complex, and it is not possible to assign a non-trivial
ghost number to the fields in (5.14). Now, the action of a topological cohomological
field theory has to be real, since we will eventually interpret it as a real differential form
defined on a certain moduli space. Likewise, it has to posses a non-trivial ghost-number
symmetry which, from the geometrical viewpoint, corresponds to the de Rham grading
on the moduli space.
To overcome these problems we break the SU(2)F internal symmetry group of the
theory down to its Cartan subgroup. This allows to introduce a non-anomalous ghost
number in the theory (basically twice the corresponding charge under the diagonal gen-
erator T3). With respect to this ghost number, the field content of the theory can be
reorganized as follows (we follow the notation in [100]): with ghost number +2, we have
the scalar field φ ≡ ϕ11; with ghost number +1, the anticommuting fields ψαα˙ ≡ iψ1αα˙,
ψ˜αβ ≡ χ1αβ and ζ ≡ iη1; with ghost number 0, the gauge connection Aαα˙, the scalar field
C ≡ iϕ12, the self-dual two-form Bαβ ≡ Gαβ and the auxiliary fields Hαβ ≡ iNαβ and
H˜αα˙ ≡ Mαα˙; with ghost number −1, the anticommuting fields χαβ ≡ iχ2αβ , χ˜αα˙ ≡ ψ2αα˙
and η ≡ η2; and finally, with ghost number −2, the scalar field φ¯ ≡ ϕ22. These fields are
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related to those in the N = 4 theory as follows:
λ1˜1 = ψ˜
+
11, λ3˜1 = −iχ+11, λ¯1˜α˙ = χ˜2α˙,
λ1˜2 = ψ˜
+
12 −
i
2
ζ, λ3˜2 =
1
2
η − iχ+12, λ¯2˜α˙ = −χ˜1α˙,
λ2˜1 = ψ˜
+
12 +
i
2
ζ, λ4˜1 = −
1
2
η − iχ+12, λ¯3˜α˙ = iψ2α˙,
λ2˜2 = ψ˜
+
22, λ4˜2 = −iχ+22, λ¯4˜α˙ = −iψ1α˙,
B1 = −B+12 + iC, B2 = −B+22, B3 = −φ¯,
B†1 = −B+12 − iC, B†2 = B+11, B†3 = −φ.
(5.15)
(1˜, 2˜, etc., are SU(4)I indices).
Notice that now we can consistently assume that all the fields above are real, in order
to guarantee the reality of the topological action.
In terms of these new fields, and after making the shifts:
H˜ ′αα˙ = H˜αα˙ +
√
2∇αα˙C,
H ′αβ = Hαβ + 2i[Bαβ , C],
(5.16)
the action (5.14) takes the form:
S(2)c =
1
e20
∫
X
d4x
√
gTr
{
1
2
Dαα˙φ¯Dα˙αφ− 1
4
H˜ ′α˙α
(
H˜ ′αα˙ − 2
√
2Dαα˙C − 2
√
2iDβα˙Bβα
)
− 1
4
H
′αβ
(
H ′αβ − 2F+αβ − 2 [Bγα, Bβγ]− 4i [Bαβ, C]
)− iψβα˙Dα˙αχαβ
− iχ˜βα˙Dα˙αψ˜αβ − 1
2
χ˜αα˙Dα˙αζ + 1
2
ψαα˙Dα˙αη − i√
2
ψ˜αβ[ψ˜αβ , φ¯]
+
i√
2
χαβ[χαβ , φ]− i
√
2 ψ˜αβ [χαβ, C]−
√
2 ψ˜αβ [χαγ , B
βγ ]
+
i√
2
χαβ[ ζ, B
αβ] +
i√
2
ψ˜αβ [ η, B
αβ] +
i
2
√
2
ζ [ζ, φ¯]− i
2
√
2
η [η, φ]
− i√
2
ζ [η, C] +
√
2ψαα˙[χ˜β
α˙, Bαβ ]− i√
2
χ˜αα˙[χ˜α
α˙, φ]
+
i√
2
ψαα˙[ψα
α˙, φ¯]− i
√
2ψαα˙[χ˜α
α˙, C]− 1
2
[φ, φ¯]2 + 2[φ, C][φ¯, C]
− [φ,Bαβ][φ¯, Bαβ]
}
− 2πiτ0 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν }.
(5.17)
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After integrating out the auxiliary fields in (5.17) we find for the bosonic part of the
action not involving the scalars φ and φ¯ the following expression:∫
X
d4x
√
gTr
{ 1
2
(Dαα˙C + iDβα˙Bβα )2
+
1
4
(
F+αβ + [Bγα, Bβ
γ] + 2i [Bαβ , C]
)2 }
.
(5.18)
Expanding the squares in this expression one obtains,∫
X
d4x
√
gTr
{−1
2
DµCDµC − 1
2
(Dβα˙BβαDγα˙Bγα − F+αβ[Bγα, Bβγ] )
− 1
2
F+µνF
+µν + [B+µν , B
+
τλ][B
+µν , B+τλ] + 2[B+µν , C][B
+µν , C]
}
.
(5.19)
where we have used Dαα˙ = σmαα˙Dm and F+αβ ≡ σµναβF+µν , Bαβ ≡ σµναβB+µν . Let us now focus
on the expression within the parenthesis. Further expansion leads to the identity:∫
X
d4x
√
gTr
{−1
2
Dβα˙BβαDγα˙Bγα + 1
2
F+αβ[Bγα, Bβ
γ ]
}
=
∫
X
d4x
√
gTr
{−DµB+νλDµB+νλ − 12RB+µνB+µν +RµντλB+µνB+τλ },
(5.20)
(using again Bαβ ≡ σµναβB+µν). If we now express the Riemann tensor in (5.20) in terms of
its irreducible components
Rµντλ =
1
2
(gµτRνλ − gµλRντ − gντRµλ + gνλRµτ )
− R
6
(gµτgνλ − gντgµλ) + Cµντλ,
(5.21)
with Cµντλ the Weyl tensor, we finally obtain,∫
X
d4x
√
gTr
{−1
2
Dβα˙BβαDγα˙Bγα + 1
2
F+αβ[Bγα, Bβ
γ ]
}
=
∫
X
d4x
√
gTr
{−DµB+νλDµB+νλ − B+µν( 16R (gµτgνλ − gντgµλ)− Cµντλ )B+τλ }.
(5.22)
Thus we see that when we put the twisted theory on general curved backgrounds we
must include the non-minimal couplings in (5.22) to ensure that the naive action (5.6) be
supersymmetric.
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The associated fermionic symmetry splits up as well into BRST (Q+ ≡ Q1) and anti-
BRST (Q− ≡ iQ2) parts. The explicit formulas are:
[Q+, Aαα˙] = −2ψαα˙, [Q−, Aαα˙] = −2χ˜αα˙,
{Q+, ψαα˙} = −
√
2Dαα˙φ, {Q−, χ˜αα˙} =
√
2Dαα˙φ¯,[
Q+, φ
]
= 0, [Q−, φ¯ ] = 0,[
Q+, Bαβ
]
=
√
2ψ˜αβ ,
[
Q−, Bαβ
]
= −
√
2χαβ,
{Q+, ψ˜αβ} = 2i [Bαβ , φ], {Q−, χαβ} = 2i [Bαβ, φ¯],[
Q+, C
]
=
1√
2
ζ, [Q−, C] = − 1√
2
η,
{Q+, ζ } = 4i [C, φ], {Q−, η } = 4i [C, φ¯],[
Q+, φ¯
]
=
√
2 η, [Q−, φ] =
√
2 ζ,
{Q+, η } = 2i [φ¯, φ], {Q−, ζ } = −2i [φ, φ¯],
{Q+, χ˜αα˙} = H˜ ′αα˙, {Q−, ψαα˙} = −H˜ ′αα˙ + 2
√
2Dαα˙C,[
Q+, H˜ ′αα˙
]
= 2
√
2i [χ˜αα˙, φ], [Q
−, H˜ ′αα˙] = −2Dαα˙η + 2
√
2i [ψαα˙, φ¯ ]
− 4
√
2i [ χ˜αα˙, C],
{Q+, χαβ} = H ′αβ , {Q−, ψ˜αβ} = H ′αβ − 4i [Bαβ, C ],[
Q+, H ′αβ
]
= 2
√
2i [χαβ , φ], [Q
−, H ′αβ] = −2
√
2i [ψ˜αβ , φ¯]− 4
√
2i [χαβ , C]
− 2
√
2i [Bαβ, η],
(5.23)
satisfying the algebra,
{Q+, Q+} = δg(φ),
{Q−, Q−} = δg(−φ¯),
{Q+, Q−} = δg(C).
(5.24)
The τ0-independent part of the action (5.17) can be written either as a BRST (Q
+)
commutator or as an anti-BRST (Q−) commutator. Let us focus on the former possibility.
The appropriate “gauge” fermion turns out to be:
Ψ =
1
e20
∫
X
d4x
√
gTr
{−1
4
χ˜α˙α
(
H˜ ′αα˙ − 2
√
2Dαα˙C − 2
√
2iDβα˙Bβα
)
− 1
4
χαβ
(
H ′αβ − 2F+αβ − 2 [Bγα, Bβγ ]− 4i [Bαβ, C]
) }
+
1
e20
∫
X
d4x
√
gTr
{ 1
2
√
2
φ¯
(Dαα˙ψα˙α + i√2 [ψ˜αβ , Bαβ ]− i√2 [ζ, C] )}
− 1
e20
∫
X
d4x
√
gTr
{ i
4
η[φ, φ¯]
}
.
(5.25)
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For reasons of future convenience we will rewrite (5.25) in vector indices. With the
definitions, Xαα˙
def
= σµαα˙Xµ, and, Yαβ
def
= σµναβYµν , for any two given fields X and Y , (5.25)
takes the form:
Ψ =
1
e20
∫
X
d4x
√
gTr
{ 1
2
χ˜µ
(
H˜ ′µ − 2
√
2DµC + 4
√
2DνB+νµ
)
+
1
2
χ+µν
(
H
′+
µν − 2F+µν − 4i [B+µτ , B+τν ]− 4i[B+µν , C]
)}
− 1
e20
∫
X
d4x
√
gTr
{ 1
2
√
2
φ¯
(
2Dµψµ + 2
√
2i [ψ˜+µν , B
+µν ] +
√
2i [ζ, C]
)}
− 1
e20
∫
X
d4x
√
gTr
{ i
4
η[φ, φ¯]
}
.
(5.26)
The gauge fermion, in turn, can itself be written as an anti-BRST commutator (5.12):
Ψ =
{
Q−,
1
e20
∫
X
d4x
√
gTr
(− 1
2
√
2
Bαβ
(
F+αβ −
1
2
H ′αβ +
1
3
[Bαγ , Bβ
γ ]
)
+
i
2
√
2
C [φ, φ¯ ] +
1
4
ψαα˙χ˜
α˙α
)}
.
(5.27)
5.2 The topological action in the Mathai-Quillen ap-
proach
We have described so far the Vafa-Witten theory as a twisted version of the N = 4 theory.
The twisting procedure has been repeatedly shown to be a very powerful technique for
the construction of topological quantum field theories. However, it suffers from serious
drawbacks, the main one being that it is not possible to identify from the very beginning
the underlying geometrical structure that is involved. Rather, in most of the cases the
underlying geometrical scenario is unveiled only after a careful analysis with techniques
borrowed from conventional quantum field theory is carried out [104]. In what follows,
we will change our scope and try to concentrate on the geometrical formulation of the
theory. We will make use of the Mathai-Quillen formalism (see chapter 2), which is very
well suited for our purposes. Let us recall briefly the fundamentals of this approach.
In the framework of topological quantum field theories of cohomological type [107], one
deals with a certain set of fields (the field space, M), on which the action of a symmetry
group, G, which is usually a local symmetry group, is defined. An appropriate set of
basic equations imposed on the fields singles out a certain subset (the moduli space) of
M/G. The topological quantum field theory associated to this moduli problem studies
intersection theory on the corresponding moduli space. In this context, the Mathai-Quillen
formalism involves the following steps. Given the field space M, the basic equations of
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the problem are introduced as sections of an appropriate vector bundle V →M, in such a
way that the zero locus of these sections, modded out by the gauge symmetry, is precisely
the relevant moduli space. The Mathai-Quillen formalism allows the computation of a
certain representative of the Thom class of the vector bundle E = V/G, which turns out
to be the exponential of the action of the topological field theory under consideration.
The integration onM of the pullback under the sections of the Thom class of V gives the
Euler characteristic of the bundle, which is the basic topological invariant associated to
the moduli problem.
5.2.1 The Vafa-Witten problem
The analysis starts from two basic equations involving the self-dual part of the gauge
connection F+, a certain scalar field C and a bosonic self-dual two-form B+, all taking
values in the adjoint representation of some compact finite-dimensional Lie group G.
These equations are:
{
DµC +
√
2DνB+νµ = 0,
F+µν − i2 [B+µτ , B+τν ]− i√2 [B+µν , C] = 0.
(5.28)
One can consider the equations above as defining a certain moduli problem, and our
aim is to construct the topological quantum field theory which corresponds to it within
the framework of the Mathai-Quillen formalism. Our analysis will follow closely that in
[62][63][74]. It should be pointed out that the Mathai-Quillen construction for this twist
was already contained, yet not explicitly constructed, in [100], and was also studied in
the context of “balanced” topological field theories by Dijkgraaf and Moore in [25], while
the basic structure had already been discussed from the viewpoint of supersymmetric
quantum mechanics by Blau and Thompson in [12].
Recently, the Mathai-Quillen formalism has been applied to the twist under consid-
eration in [102]. The construction presented in that work differs from ours in the role
assigned to the field C.
5.2.2 The topological framework
The geometrical setting is a certain oriented, compact Riemannian four-manifold X, and
the field space isM = A×Ω0(X, adP )×Ω2,+(X, adP ), where A is the space of connections
on a principal G-bundle P → X, and the second and third factors denote, respectively,
the 0-forms and self-dual differential forms of degree two on X taking values in the Lie
algebra of G. adP denotes the adjoint bundle of P , P ×adg. The space of sections of this
bundle, Ω0(X, adP ), is the Lie algebra of the group G of gauge transformations (vertical
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automorphisms) of the bundle P , whose action on the field space is given locally by:
g∗(A) = i(dg)g−1 + gAg−1,
g∗(C) = gCg−1,
g∗(B+) = gB+g−1, (5.29)
where C ∈ Ω0(X, adP ) and B+ ∈ Ω2,+(X, adP ). In terms of the covariant derivative,
dA = d + i[A, ], the infinitesimal form of the transformations (5.29), with g = exp(−iφ)
and φ ∈ Ω0(X, adP ), takes the form:
δg(φ)A = dAφ,
δg(φ)C = i[C, φ],
δg(φ)B
+ = i[B+, φ]. (5.30)
The tangent space to the field space at the point (A,C,B+) is the vector space
T(A,C,B+)M = Ω1(X, adP ) ⊕ Ω0(X, adP ) ⊕ Ω2,+(X, adP ). On T(A,C,B+)M we can define
a gauge-invariant Riemannian metric (inherited from that on X) as follows:
〈(ψ, ζ, ψ˜+), (θ, ξ, ω˜+)〉 =
∫
X
Tr(ψ ∧ ∗θ) +
∫
X
Tr(ζ ∧ ∗ξ) +
∫
X
Tr(ψ˜+ ∧ ∗ω˜+) (5.31)
where ψ, θ ∈ Ω1(X, adP ), ζ, ξ ∈ Ω0(X, adP ) and ψ˜+, ω˜+ ∈ Ω2,+(X, adP ).
To introduce the basic equations (5.28) in this framework we proceed as follows. On
the field space M we build a trivial vector bundle V =M×F , where the fibre is in this
case F = Ω1(X, adP )⊕ Ω2,+(X, adP ). The basic equations (5.28) can then be identified
to be a section s :M→ V of the vector bundle V. In our case, the section reads, with a
certain choice of normalization that makes easier the comparison with the results in the
first part of the chapter:
s(A,C,B+) =
(√
2(DµC +
√
2DνB+νµ), −2(F+µν −
i
2
[B+µτ , B
+τ
ν ]− i√
2
[B+µν , C])
)
. (5.32)
Notice that this section is gauge ad-equivariant, and the zero locus of the associated
section s˜ : M/G → V/G = E gives precisely the moduli space of the topological theory.
It would be desirable to compute the dimension of this moduli space. The best we can
do is to build the corresponding deformation complex whose index is known to compute,
under certain assumptions, the dimension of the tangent space to the moduli space. This
index provides what is called the virtual dimension of the moduli space. The deformation
complex that corresponds to our moduli space is the following:
0 −→ Ω0(X, adP ) C−→Ω1(X, adP )⊕ Ω0(X, adP )⊕ Ω2,+(X, adP )
ds−→Ω1(X, adP )⊕ Ω2,+(X, adP ) −→ 0.
(5.33)
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The map C : Ω0(X, adP ) −→ TM, given by (recall (5.30)):
C(φ) = (dAφ, i[C, φ], i[B+, φ]), φ ∈ Ω0(X, adP ), (5.34)
defines the vertical tangent space (gauge orbits) to the principal G-bundle. The map
ds : T(A,C,B+)M−→ F is given by the linearization of the basic equations (5.28)
ds(ψ, ζ, ψ˜+) =
(√
2(Dµζ + i[ψµ, C] +
√
2Dνψ˜+νµ + i
√
2[ψν , B+νµ]),
− 2( 2(D[µψν])+ + i[ψ˜+τ [µ, B+τν]]− i√2[ψ˜+µν , C]− i√2[B+µν , ζ ] )
)
.
(5.35)
Under suitable conditions (which happen to be the same vanishing theorems discussed in
[100]), the index of the complex (5.33) computes de dimension of Ker(ds)/Im(C), that is,
the dimension of the moduli space under consideration. To calculate its index, the complex
(5.33) can be split up into the Atiyah-Hitchin-Singer instanton deformation complex [4]
for anti-self-dual (ASD) connections,
(1) 0 −→ Ω0(X, adP ) dA−→Ω1(X, adP )p+dA−→Ω2,+(X, adP ) −→ 0, (5.36)
and the complex associated to the operator,
(2) D = p+d∗A + dA : Ω
0(X, adP )⊕ Ω2,+(X, adP ) −→ Ω1(X, adP ),
(5.37)
which is also the ASD instanton deformation complex. They contribute with opposite
signs and therefore the net contribution to the index is zero, leaving us with the result
that the virtual dimension of the moduli space is zero.
5.2.3 The topological action
We now proceed to construct the topological action associated to this moduli problem,
and we will do it within the Mathai-Quillen formalism. The Mathai-Quillen form gives
a representative of the Thom class of the bundle E =M×G F , and the integration over
M/G of the pullback of this Thom class under the section s˜ : M/G → E = M×G F
gives the (generalized) Euler characteristic of E , which is to be identified, from the field-
theory point of view, with the partition function of the associated topological quantum
field theory.
As a first step to construct the topological theory which corresponds to the moduli
problem defined by the basic equations (5.28), we have to give explicitly the field content
and the BRST symmetry of the theory. This will help to clarify the structure of the
topological multiplet we introduced in sect. 2. In the field space M = A×Ω0(X, adP )×
Duality in Topological Quantum Field Theories 53
Ω2,+(X, adP ) we have the gauge connection Aµ, the scalar field C and the self-dual two-
form B+µν , all with ghost number 0. In the (co)tangent space T(A,C,B+)M = Ω1(X, adP )⊕
Ω0(X, adP )⊕Ω2,+(X, adP ) we have the anticommuting fields ψµ, ζ and ψ˜+µν , all with ghost
number 1 and which are to be interpreted as differential forms on the moduli space. In the
fibre F = Ω1(X, adP ) ⊕ Ω2,+(X, adP ) we have anticommuting fields with the quantum
numbers of the equations, namely a one-form χ˜µ and a self-dual two-form χ
+
µν , both with
ghost number −1, and their superpartners, a commuting one-form H˜ν and a commuting
self-dual two-form H+µν , both with ghost number 0 and which appear as auxiliary fields
in the associated field theory. And finally, associated to the gauge symmetry, we have a
commuting scalar field φ ∈ Ω0(X, adP ) with ghost number +2 [107], and a multiplet of
scalar fields φ¯ (commuting and with ghost number −2) and η (anticommuting and with
ghost number −1), both also in Ω0(X, adP ) and which enforce the horizontal projection
M→M/G [20]. The BRST symmetry of the model is given by:
[Q,Aµ] = ψµ, {Q,ψµ} = Dµφ,
[Q,C] = ζ, {Q, ζ } = i [C, φ],
[Q,B+µν ] = ψ˜
+
µν , {Q, ψ˜+µν} = i [B+µν , φ],
[Q, φ] = 0,
{Q, χ˜µ} = H˜µ, [Q, H˜µ] = i [χ˜µ, φ],
{Q,χ+µν} = H+µν , [Q,H+µν ] = i [χ+µν , φ],
[Q, φ¯] = η, {Q, η } = i [φ¯, φ].
(5.38)
The BRST generatorQ satisfies the algebra {Q,Q} = δg(φ), and can be seen to correspond
to the Cartan model for the G-equivariant cohomology of M .
We are now ready to write the action for the topological field theory under consider-
ation. Instead of writing the full expression for the Mathai-Quillen form, we define the
action to be {Q,Ψ} for some appropriate gauge invariant gauge fermion Ψ [20]. The use
of gauge fermions was introduced in the context of topological quantum field theory in
[68] (see [10] for a review). As is explained in detail in [20], the gauge fermion consists
of two basic pieces, a localization gauge fermion, which essentially involves the equations
defining the moduli problem and which in our case takes the form:
Ψloc = 〈(χ˜, χ+), s(A,C,B+)〉+ 〈(χ˜, χ+), (H˜,H+)〉
=
∫
X
√
gTr
{ 1
2
χ+µν
(
H+µν − 2(F+µν − i
2
[B+µτ , B+τ
ν ]− i√
2
[B+µν , C])
)
+ χ˜µ
(
H˜µ +
√
2 (DµC +
√
2DνB+νµ)
) }
,
(5.39)
and a projection gauge fermion, which enforces the horizontal projection, and which can
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be written as:
Ψproj = 〈φ¯, C†(ψ, ζ, ψ˜)〉g, (5.40)
where 〈, 〉g denotes the gauge invariant metric in Ω0(X, adP ), and the map C† : TM→
Ω0(X, adP ) is the adjoint of the map C (5.34) with respect to the Riemannian metrics
(5.31) in TM and Ω0(X, adP ). The adjoint of C(φ) is readily computed to be:
C+(ψ, ζ, ψ˜) = −Dµψµ + i
2
[ψ˜+µν , B
+µν ] + i[ζ, C], (5.41)
where (ψ, ζ, ψ˜) ∈ T(A,C,B+)M. This leaves for the projection fermion (5.40) the expression:
Ψproj =
∫
X
√
gTr
{
φ¯
(−Dµψµ + i
2
[ψ˜+µν , B
+µν ] + i[ζ, C]
)}
. (5.42)
In the Mathai-Quillen formalism the action is built out of the terms (5.39) and (5.42).
However, as in the case of the Mathai-Quillen formulation of Donaldson-Witten theory
[6], one must add another piece to the gauge fermion to make full contact with the
corresponding twisted supersymmetric theory. In our case, this extra term is:
Ψextra = −
∫
X
√
gTr
{ i
2
η[φ, φ¯]
}
. (5.43)
It is now straightforward to see that after the rescalings
A′ = A, C ′ = − 1√
2
C, χ˜′ =
√
2χ˜,
ψ′ = −1
2
ψ, ζ ′ = −ζ, H˜ ′ =
√
2H,
φ′ =
1
2
√
2
φ, B+
′
=
1
2
B+, χ+
′
= χ+,
φ¯′ = −2
√
2φ¯, η′ = −2η, ψ˜+′ = 1
2
√
2
ψ˜+,
H+
′
= H+,
(5.44)
and with the identification Q ≡ Q+ we recover, in terms of the primed fields, the twisted
model we analyzed in the first part of the chapter and that is encoded in (5.23) and (5.26).
And what about Q−? What is its role in this game? In fact, the theory admits two
Mathai-Quillen descriptions, related to each other by the Weyl group of SU(2)F , in such
a way that the roles of Q+ and Q− are interchanged, as are the roles of ψ and χ˜, χ+ and
ψ˜+, ζ and η, and φ and φ¯. The corresponding moduli space is defined by eqs. (5.28) with
the substitution C → −C, and the theory localizes – as was proved in [100] – actually on
the intersection of both moduli spaces, which is defined by the equations{
DµC = 0, DνB+νµ = 0,
F+µν − i2 [B+µτ , B+τν ] = 0, [B+µν , C] = 0.
(5.45)
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Alternatively, one can consider both Q+ and Q− at once within the framework of what
Dijkgraaf and Moore [25] have called the equivariant cohomology of iterated superspaces.
The resulting topological field theories have two BRST operators d± and the virtual
dimension of the corresponding moduli spaces is zero. The simplifying property of this
type of theories is that the topological action can be derived (up to theta terms) from an
action potential F
S = d+d−F , (5.46)
– this is just the content of eq. (5.12). F is a kind of Morse function on field space, and
under certain assumptions the path integral can be seen to localize to the critical points
of F [25].
5.3 Observables
In this section we will analyze the structure of the possible topological observables of the
theory. Observables are operators which are Q-invariant but are not Q-exact. A quick
look at either the Q+ or Q− transformations shows that the observables are basically the
same as in the ordinary Donaldson-Witten theory. Indeed, from (5.23) or (5.38) one finds
that the trio Aµ, ψµ and φ transforms such as to ensure that the operators
W0 =Tr(φ
2), W2 =Tr
(
1
2
ψ ∧ ψ + 1√
2
φ ∧ F
)
,
W1 =−
√
2Tr(φ ∧ ψ), W3 =− 1
2
Tr(ψ ∧ F ),
(5.47)
satisfy the descent equations,
[Q+,Wi} = dWi−1, (5.48)
which as we know imply that,
O(γj) =
∫
γj
Wj, (5.49)
being γj homology cycles of X, are observables. Of course, as usual, this set can be
enlarged for gauge groups possessing other independent Casimirs besides the quadratic
one. We can also build a similar set of observables O˜(γj) in the cohomology of Q− by
exchanging φ by φ¯ and ψ by χ˜. While the observables O(γj ) have positive ghost numbers
given by 4 − j, the observables O˜(γj ) have negative ghost numbers j − 4. The unusual
feature to the first twist is that the ghost number symmetry is non-anomalous. This means
essentially that the only vacuum expectation values which are non-vanishing are those
containing sets of observables with zero overall ghost number. Although very appealing,
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the idea of combining observables from the Q+ and Q− cohomologies with opposite ghost
numbers to get non-zero vacuum expectation values is not useful. The reason is that, for
these combined operators to be truly topological invariants, they must lie simultaneously
in the cohomologies of both Q+ and Q−. The only possible candidate appears to be
the theta-term, which does not lead to any new invariant. Hence, the only non-trivial
observable is the partition function itself. Notice that the topological action splits as
S = {Q+,Ψ} − 2πikτ0, (5.50)
Now, owing to (5.50), the partition function depends on the microscopic couplings e0
and θ0 only through the combination 2πikτ0, and in particular this dependence is a priori
holomorphic (were the orientation of the manifoldX reversed, the partition function would
depend anti-holomorphically on τ0). However there could be situations in which, because
of some sort of holomorphic anomaly, the partition function would acquire an explicit
anomalous dependence on τ¯0. This seems to be the case, for example, for the theory
defined on CIP2 [100] and, more generally, on manifolds with b+2 = 1 [82]. Somewhat
related results have been derived for the Donaldson-Witten theory in the context of the
u-plane formalism [84].
But (5.50) has also far-reaching consequences on the structure of the partition function,
which can be written as
Z(τ0) =
∑
k
Zk e2πikτ0 , (5.51)
where Zk is the partition function computed with action {Q+,Ψ} at fixed instanton
number k. Now since the Zk do not depend on e0, one can take the weak-coupling limit
e0 → 0 where the computations are given exactly by a saddle-point calculation around
the bosonic background defined by the Vafa-Witten equations (5.28). Unfortunately, it
is not possible to perform explicit computations from this viewpoint: the moduli space is
non-compact, and no precise recipe is known to properly compactify it. The way out is to
exploit the metric independence of the partition function to go to the long-distance limit
and compute in terms of the low-energy degrees of freedom of the physical theory. For
the Vafa-Witten theory this is the N = 1 theory which results from giving bare masses to
the chiral multiplets of the N = 4 theory. In what follows we will review the construction
thoroughly and apply it to the computation of the partition function for gauge group
SU(N).
5.4 Mass perturbations and reduction to N = 1
It is a well-known fact that on complex manifolds the exterior differential d splits into
the Dolbeaut operators ∂ and ∂¯, and that this splitting is completely effective on Ka¨hler
manifolds, where the de Rham cohomology is equivalent to the cohomology of ∂. In a
similar way, as pointed out in [109], on a Ka¨hler manifold the number of BRST charges
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of a twisted supersymmetric theory is doubled, in such a way that, for example, the
Donaldson-Witten theory has an enhanced NT = 2 topological symmetry, while the Vafa-
Witten theory has a NT = 4 topological symmetry. In each case, one of the BRST charges
comes from the underlying N = 1 subalgebra which corresponds to the formulation of
the physical theory in N = 1 superspace. By suitably adding mass terms for some of
the chiral superfields in the theory, one can break the extended (N = 2 or N = 4)
supersymmetry of the physical theory down to N = 1. For the reason sketched above,
the corresponding twisted massive theory on Ka¨hler manifolds should still retain at least
one topological symmetry. One now exploits the metric independence of the topological
theory. By scaling up the metric in the topological theory, gµν → tgµν , one can take the
limit t→∞. In this limit, the metric on X becomes nearly flat, and it is reasonable that
the computations in the topological field theory can be performed in terms of the vacuum
structure of the N = 1 theory.
One could wonder as to what the effect of the perturbation may be. The introduction
of a mass perturbation may (and in general will) distort the original topological field
theory. This poses no problem in the case of the Donaldson-Witten theory, as Witten
was able to prove that the perturbation is topologically trivial, in the sense that it affects
the theory in an important but controllable way [109]. As for the Vafa-Witten theory
[26][58][100], we will see below that the twisted massive theory is topological on Ka¨hler
four-manifolds with h2,0 6= 0, and the partition function is actually invariant under the
perturbation.
In what follows we will make use of the transformations generated by Q+ only, which
we rewrite as follows
[Q+, Aαα˙] = −2ψαα˙, [Q+, φ¯] =
√
2 η,
{Q+, ψαα˙} = −
√
2Dαα˙φ, {Q+, η } = 2i [φ¯, φ],[
Q+, φ
]
= 0 {Q+, χ˜αα˙} = H˜αα˙ +
√
2sαα˙,[
Q+, B+αβ
]
=
√
2ψ˜+αβ , [Q
+, H˜αα˙] = 2
√
2i [χ˜αα˙, φ]−
√
2[Q+, sαα˙],
{Q+, ψ˜+αβ} = 2i [B+αβ , φ], {Q+, χ+αβ} = H+αβ + sαβ,[
Q+, C
]
=
1√
2
ζ, [Q+, H+αβ] = 2
√
2i [χ+αβ, φ]− [Q+, sαβ],
{Q+, ζ } = 4i [C, φ],
(5.52)
where
sαα˙ = Dαα˙C + iDβα˙B+βα,
sαβ = F
+
αβ + [B
+
γα, B
+
β
γ ] + 2i [B+αβ, C].
(5.53)
Written in this form (compare with (5.23)), the on-shell transformations are simply
obtained by setting H+αβ = 0 = H˜αα˙ in (5.52).
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Notice that sαα˙ and sαβ are precisely the components of the section (5.32) which
defines the Vafa-Witten theory in the Mathai-Quillen approach. Now it is easy to see
why the theory localizes to field configurations satisfying (5.28). According to Witten’s
fixed-point theorem, the contributions to the partition function of the theory, which is the
only non-trivial observable owing to the vanishing of the ghost number anomaly, come
from the fixed points of the BRST symmetry. But according to (5.52), the fixed points
are precisely (with the auxiliary fields set to zero) sαα˙ = 0 = sαβ.
One of the main ingredients in the analysis in [100] is the existence, on certain four-
manifolds (basically of the Ka¨hler type), of a suitable vanishing theorem which guarantees
that all the solutions to eqs. (5.28) are of the form:
F+αβ = 0, B
+
αβ = 0, C = 0, (5.54)
that is, that the moduli space reduces to the moduli space of ASD connections. In fact,
under these circumstances, the partition function of the theory computes, for each value
of the instanton number, the Euler characteristic of the corresponding instanton moduli
space. Observe that the vanishing theorem allows only positive instanton numbers to con-
tribute to the partition function; the presence of negative instanton number contributions
would signal a failure of the vanishing theorem.
5.4.1 The twist on Ka¨hler manifolds
On a four-dimensional Ka¨hler manifold the holonomy group is contained in SU(2)R ⊗
U(1)L, where U(1)L is a certain subgroup of SU(2)L. Under this reduction of the holon-
omy, left-handed spinors ψα decompose into pieces ψ1 and ψ2 of opposite U(1)L charges,
in such a way that if the manifold is also spin, the spinor bundle S+ has a decompo-
sition S+ ≃ K 12 ⊕ K− 12 , where K 12 is some square root of the canonical bundle of X,
K =
∧2
C
T ∗X. Following [109], we can pick a complex structure on X by taking the
1-forms (σµ)1α˙dx
µ to be of type (1, 0), and the 1-forms (σµ)2α˙dx
µ of type (0, 1). With
this choice, the self-dual 2-form (σµν)αβdx
µ ∧ dxν can be regarded as a (2, 0)-form for
α = β = 1, as a (0, 2)-form for α = β = 2, and as a (1, 1)-form for α = 1, β = 2. This
decomposition corresponds to the splitting Ω2,+(X) = Ω2,0(X)⊕Ω0,2(X)⊕̟Ω0(X), valid
on any Ka¨hler surface (̟ stands for the Ka¨hler form).
With respect to the complex structure of the manifold, the fields of the theory naturally
split into objects that can be thought of as components of forms of type (p, q). For
example, the connection 1-form Aαα˙(σµ)
α˙αdxµ splits up into a (1, 0)-form A2α˙(σµ)
α˙
1dx
µ
and a (0, 1)-form A1α˙(σµ)
α˙
2dx
µ. Likewise, the self-dual 2-form B+αβ(σµν)
αβdxµ ∧ dxν gives
rise to a (2, 0)-form B+22(σµν)11dx
µ ∧ dxν a (0, 2)-form B+11(σµν)22dxµ ∧ dxν and a (1, 1)-
form for B+12(σµν)12dx
µ ∧ dxν = B+12̟. Notice that in our conventions the field B+11 would
correspond to the (0, 2)-form β¯, B+22 to the (2, 0)-form β and B
+
12 to the 0-form b in [100].
Note that the field B+12 can be thought of as a scalar field on X. In fact, we shall see
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in a moment that it naturally combines with the scalar field C into two complex scalars
B+12 ± iC. Something similar happens with the other self-dual 2-forms χ+ and ψ˜+.
Let us recall that in our conventions the BRST operators Q± are obtained from the
N = 4 supercharges Qvα, with the recipe
Q+ = Q3˜1 +Q
4˜
2, Q
− = i(Q1˜1 +Q
2˜
2). (5.55)
In the Ka¨hler case, each of the individual componentsQ1˜1, Q
2˜
2, Q
3˜
1 andQ
4˜
2 is well-defined
under the holonomy SU(2)R ⊗ U(1)L. It is therefore possible to define four charges, of
which only Q4˜2 is related to the underlying construction in N = 1 superspace. Hence, it
is the only topological symmetry that should be expected to survive after the mass terms
are plugged in.
In what follows, we will be interested only in Q3˜1 and Q
4˜
2. The corresponding trans-
formation laws (with parameters ρ2 and ρ1 respectively) can be extracted from the N = 4
supersymmetry transformations (3.3) by setting:
ξ¯vα˙ = 0, ξ1˜α = ξ2˜α = 0, ξ3˜α = ρ2C2α, ξ4˜α = ρ1C1α, (5.56)
The corresponding BRST charges will be denoted by Q1 = Q
4˜
2 and Q2 = Q
3˜
1. The
on-shell transformations turn out to be:
[Q1, A1α˙] = −2ψ1α˙, [Q1, A2α˙] = 0,[
Q1, F
+
11
]
= −2iD1α˙ψ1α˙,
[
Q1, F
+
22
]
= 0,[
Q1, F
+
12
]
= −iD2α˙ψ1α˙,
{
Q1,
1
2
η − iχ+12
}
= 0,
{Q1, ψ1α˙} = 0, {Q1, ψ2α˙} = −
√
2D2α˙φ,[
Q1, φ
]
= 0,
[
Q1, φ¯
]
=
√
2
(
1
2
η − iχ+12
)
,[
Q1, B
+
11
]
= 0,
[
Q1, B
+
22
]
=
√
2ψ˜+22,[
Q1, B
+
12 + iC
]
= 0,
[
Q1, B
+
12 − iC
]
=
√
2
(
ψ˜+12 −
i
2
ζ
)
,
{Q1, ψ˜+11} = 2i[B+11, φ], {Q1, ψ˜+22} = 0,{
Q1, ψ˜
+
12 +
i
2
ζ
}
= −2i[φ,B+12 + iC],
{
Q1, ψ˜
+
12 −
i
2
ζ
}
= 0,
{Q1, χ+11} = −2[B+12 + iC,B+11], {Q1, χ+22} = F+22,
{Q1, χ˜1α˙} = −
√
2iD2α˙B
+
11, {Q1, χ˜2α˙} = −
√
2iD2α˙(B
+
12 + iC),{
Q1,
1
2
η + iχ+12
}
= −i[φ, φ¯] + iF+12
+ i[B+12 − iC,B+12 + iC] + i[B+11, B+22],
(5.57)
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for Q1. The Q2 transformations are easily computed from (5.52) and (5.57) after using
Q+ = Q1 +Q2 and read:
[Q2, A1α˙] = 0, [Q2, A2α˙] = −2ψ2α˙,[
Q2, F
+
11
]
= 0,
[
Q2, F
+
22
]
= −2iD2α˙ψ2α˙,[
Q2, F
+
12
]
= −iD1α˙ψ2α˙,
{
Q2,
1
2
η + iχ+12
}
= 0,
{Q2, ψ1α˙} = −
√
2D1α˙φ, {Q2, ψ2α˙} = 0,[
Q2, φ
]
= 0,
[
Q2, φ¯
]
=
√
2
(
1
2
η + iχ+12
)
,[
Q2, B
+
11
]
=
√
2ψ˜+11,
[
Q2, B
+
22
]
= 0,[
Q2, B
+
12 − iC
]
= 0,
[
Q2, B
+
12 + iC
]
=
√
2
(
ψ˜+12 +
i
2
ζ
)
,
{Q2, ψ˜+11} = 0, {Q2, ψ˜+22} = 2i[B+22, φ],{
Q2, ψ˜
+
12 −
i
2
ζ
}
= −2i[φ,B+12 − iC], {Q2, ψ˜+12 +
i
2
ζ} = 0,
{Q2, χ+11} = F+11, {Q2, χ+22} = 2[B+12 − iC,B+22],
{Q2, χ˜1α˙} =
√
2iD1α˙(B
+
12 − iC), {Q2, χ˜2α˙} =
√
2iD1α˙B
+
22,{
Q2,
1
2
η − iχ+12
}
= −i[φ, φ¯]− iF+12
− i[B+12 − iC,B+12 + iC]− i[B+11, B+22].
(5.58)
It is straightforward to verify that (Q1)
2 = (Q2)
2 = 0 on-shell, while {Q1, Q2} gives a
gauge transformation generated by φ.
Notice that these equations are compatible with the U(1) symmetry (which will be
further exploited below)
B+11 → eiαB+11, B+22 → e−iαB+22, B+12 ± iC → e∓iα(B+12 ± iC),
ψ˜+11 → eiαψ˜+11, ψ˜+22 → e−iαψ˜+22, ψ˜+12 ±
i
2
ζ → e∓iα(ψ˜+12 ±
i
2
ζ),
(5.59)
which does not act on the rest of the fields.
5.4.2 Mass perturbations
We now turn to the discussion of the possible ways of (softly) breaking N = 4 supersym-
metry by suitably adding mass terms for the chiral multiplets. Let us consider first the
situation that arises on a flat IR4. By adding a bare mass term for just one of the chiral
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multiplets, say Φ1,
∆L(1) = m
∫
d4xd2θTr(Φ1)
2 + h.c., (5.60)
N = 4 supersymmetry is broken down to N = 1. The corresponding low-energy effective
theory, at scales below m, is N = 1 supersymmetric QCD, with SU(2) as gauge group,
coupled to two massless chiral superfields in the adjoint representation with a (tree-level)
quartic superpotential induced by integrating out the massive superfield. As shown in
[49], this theory has a moduli space of vacua where both a Coulomb and a Higgs phase
coexist. On the other hand, equal bare mass terms for two of the chiral multiplets,
∆L(2) = m
∫
d4xd2θTr(Φ1Φ2) + h.c., (5.61)
preserve N = 2 supersymmetry, whereas if the mass terms are different:
∆′L(2) = m1
∫
d4xd2θTr(Φ1)
2 +m2
∫
d4xd2θTr(Φ2)
2 + h.c., (5.62)
N = 4 supersymmetry is again broken down to N = 1. However, both theories flow in
the infrared to a pure N = 2 supersymmetric gauge theory, which has a moduli space of
vacua in the Coulomb phase. Finally, mass terms for the three chiral multiplets, no matter
whether the mass parameters are equal or not, preserve only N = 1 supersymmetry. Of
the three inequivalent ways of breaking N = 4 supersymmetry down to N = 1, we must
choose the one in terms of which the analysis of the vacuum structure of the resultant
N = 1 theory is simplest. The appropriate choice is [100]
∆L(3) = m
∫
d4xd2θTr
(
(Φ1)
2 + (Φ2)
2 + (Φ3)
2
)
+ h.c., (5.63)
in terms of which the classical vacua of the resulting N = 1 theory can be classified by
the complex conjugacy classes of homomorphisms of the SU(2) Lie algebra to that of G.
In the case that G = SU(2), for example, there are three discrete vacua, corresponding
to the three singularities of the mass-deformed N = 4 supersymmetric gauge theory with
gauge group SU(2) [93].
On general curved manifolds the naive construction sketched above simply does not
work. As explained in [100][109], superpotentials of a twisted theory on Ka¨hler manifolds
must transform as (2, 0)-forms. This comes about as follows. Let us consider the situation
for N = 2 theories, as it turns out that all the other cases can be reduced to it. A general
superpotential can be written in N = 1 superspace as∫
d4xd2θ¯W + h.c., (5.64)
where W is an anti-holomorphic function of the chiral superfields. Now, viewed as part of
the N = 2 superspace (with coordinates θiα and θ¯α˙i , i = 1, 2), the measure d2θ¯ carries an
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SU(2)I index, d
2θ¯ = dθ¯2α˙dθ¯2
α˙, and therefore after the twist on a Ka¨hler four-manifold it
carries non-trivial charge under U(1)L. In fact, after the twist d
2θ¯ becomes a (2, 0)-form
according to the above conventions, so W must be a (0, 2)-form on X, and therefore W
must be a (2, 0)-form as stated.
Now, according to our conventions, two of the chiral superfields, Φ1 and Φ3 (whose
scalar components are B+12 ± iC and φ, φ¯ resp.) are scalars in the twisted model, while
the third one, Φ2 (whose scalar components are B
+
11 and B
+
22), is a (2, 0)-form. A suitable
mass term for Φ2 and one of the other scalar superfields, say Φ1, can be readily written
down and reads:
∆L(m) = m
∫
X
d2θTr(Φ1Φ2) + h.c. (5.65)
In (5.65) m is just a (constant) mass parameter. A mass term for the remaining superfield
Φ3 requires the introduction of the (2, 0)-form
1 ω [109]:
∆L(ω) =
∫
X
ω ∧ d2z¯d2θTr(Φ3)2 + h.c. (5.66)
Therefore we now turn to studying the effect of the following mass terms for the chiral
multiplets Φ1, Φ2 and Φ3:
∆L(m,ω) = m
∫
X
d2θTr(Φ1Φ2) +m
∫
X
d2θ¯Tr(Φ†1Φ
†
2)
+
∫
X
d2θωTr(Φ3)
2 +
∫
X
d2θ¯ω¯Tr(Φ†3)
2,
(5.67)
where, for simplicity, ω = ω11 = (σµν)11ωτλǫ
µντλ stands for the only non-vanishing com-
ponent of the (2, 0)-form ω, while ω¯ = ω¯22 = ω
∗
11 stands for the only non-vanishing
component of the (0, 2)-form ω¯ conjugate to ω.
After expanding the fields and integrating out the auxiliary fields one gets the contri-
butions
−2
√
2iωB3[B
†
1, B
†
2]− 2
√
2iω¯B†3[B1, B2]− 4|ω|2B3B†3
−ωλ3˜αλ3˜α − ω¯λ¯3˜α˙λ¯3˜α˙
−2
√
2imB2[B
†
2, B
†
3]− 2
√
2imB†2[B2, B3]−m2B2B†2
−mλ1˜αλ2˜α −mλ¯1˜α˙λ¯2˜α˙
−2
√
2imB1[B
†
3, B
†
1]− 2
√
2imB†1[B3, B1]−m2B1B†1.
(5.68)
1Of course, this sets on the manifold X the constraint h(2,0)(X) 6= 0, which for Ka¨hler manifolds is
equivalent to demanding b+2 > 1. This excludes, for example, the case of CIP
2.
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The N = 1 transformations for the fermions get modified as follows:
δλ1˜α = . . .−
√
2 ξ4˜αmB
†
2,
δλ2˜α = . . .−
√
2 ξ4˜αmB
†
1,
δλ3˜α = . . .− 2
√
2 ξ4˜αω¯B
†
3
(5.69)
(and their corresponding complex conjugates). In terms of the twisted fields the mass
contributions are – see (5.1):
Tr
{
−2
√
2iωφ¯[B+12 + iC,B
+
11] + 2
√
2iω¯φ[B+12 − iC,B+22]− 4|ω|2φφ¯
−2iωχ+11
(
1
2
η − iχ+12
)
+ ω¯ψ2α˙ψ2
α˙ − 2
√
2imB+22[B
+
11, φ]
−2
√
2imB+11[B
+
22, φ¯] +m
2B+11B
+
22 +m
(
ψ˜+12 +
i
2
ζ
)(
ψ˜+12 −
i
2
ζ
)
+mψ˜+11ψ˜
+
22 +mχ˜2α˙χ˜1
α˙ +
√
2imφ[B+12 + iC,B
+
12 − iC]
−
√
2imφ¯[B+12 + iC,B
+
12 − iC]−m2|B+12 + iC|2
}
.
(5.70)
Notice that the mass terms (5.70) explicitly break the ghost number symmetry, but they
preserve the U(1) symmetry (5.59).
The Q1 transformations (5.57), which are the only ones to survive the perturbation a
priori, also get modified in a way that is dictated by the underlying N = 1 structure, so
that in view of (5.69) they become:
{Q(m,ω)1 , ψ˜+11} = 2i[B+11, φ]−
√
2mB+11,{
Q
(m,ω)
1 , ψ˜
+
12 +
i
2
ζ
}
= −2i[φ,B+12 + iC] +
√
2m(B+12 + iC),
{Q(m,ω)1 , χ+11} = −2[B+12 + iC,B+11] + 2
√
2iω¯φ.
(5.71)
(The rest of the transformations remain the same.) Notice that the fixed-point equa-
tions which stem from (5.71) are precisely the F -flatness conditions as derived from the
superpotential
i
√
2Tr (Φ1[Φ2,Φ3]) +mTr (Φ1Φ2) + ωTr(Φ3)
2. (5.72)
We can analyse eqs. (5.71) following [100]. They admit a trivial solution B+11 = B
+
12 =
C = φ = 0, where the gauge group is unbroken and which reduces at low energies to the
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N =1 pure SU(N) gauge theory (which has N discrete vacua). In addition to this trivial
vacuum, eqs. (5.71) admit a non-trivial fixed point (the irreducible embedding in [100])
in which φ, and therefore B+11, B
+
12 and C, are not zero. On flat space-time this solution
corresponds to a Higgs vacuum in which the gauge group is completely broken. All these
vacua have a mass gap: the irreducible embedding is a Higgs vacuum, while the presence
of a mass gap in the trivial vacua is a well-known feature of the N = 1 SYM theory.
When N is prime, these are the only relevant vacua of the N = 1 theory. There are
other, more general, solutions to (5.71) which leave different subgroups of G unbroken.
However, in all these solutions the unbroken gauge group contains U(1) factors and one
expects on general grounds that they should not contribute to the partition function [100].
On the other hand, when N is not prime, there are additional contributions coming from
embeddings for which the unbroken gauge group is SU(d), where d is a positive divisor of
d. The low-energy theory is again an N = 1 SU(d) gauge theory wihout matter with d
massive discrete vacua. Now in the long-distance limit, the partition function is given as
a finite sum over the contributions of the discrete massive vacua of the resulting N = 1
theory. For G = SU(N) the number of such vacua is given by the sum of the positive
divisors of N [27]. The contribution of each vacuum is universal (because of the mass
gap), and can be fixed by comparing to known mathematical results [100].
This analysis is valid only on hyper-Ka¨hler manifolds, as in this situation one can
pick a section of H(2,0) which vanishes nowhere. On more general Ka¨hler manifolds, this
picture must be corrected near the zeroes of the two-form ω along the lines proposed in
[100][109].
With the mass terms added, the action S +∆L(m,ω) is only invariant under Q
(m,ω)
1 .
To deal with the mass terms proportional to m, we shall proceed as follows. We will
modify the Q2 transformations by appropriately introducing mass terms (proportional to
m), in such a way that Q+(m) = Q
(m)
1 +Q
(m)
2 (with mass m, and ω = 0 at this stage) be
a symmetry of the original action plus mass perturbations. We will show this by proving
that L+∆L(m,ω = 0) is actually Q+(m)-exact. To this end we make the replacements:
{Q2, ψ˜+22} = 2i[B+22, φ] −→ {Q(m)2 , ψ˜+22} = 2i[B+22, φ] +
√
2mB+22,{
Q2, ψ˜
+
12 −
i
2
ζ
}
= −2i[φ,B+12 − iC] −→
{
Q
(m)
2 , ψ˜
+
12 −
i
2
ζ
}
= −2i[φ,B+12 − iC]− 2
√
2m(B+12 − iC)
(5.73)
(the rest of the transformations remain the same). Notice that still (Q
(m)
2 )
2 = 0. Next we
spell out the Q+(m) = Q
(m)
1 +Q
(m)
2 -transformations:
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[Q+(m), B+11 ] =
√
2 ψ˜+11,
[Q+(m), B+22 ] =
√
2 ψ˜+22,
[Q+(m), B+12 ± iC] =
√
2
(
ψ˜+12 ±
i
2
ζ
)
,
{Q+(m), ψ˜+11} = 2i[B+11, φ]−
√
2mB+11,
{Q+(m), ψ˜+22} = 2i[B+22, φ] +
√
2mB+22,{
Q+(m), ψ˜+12 ±
i
2
ζ
}
= 2i[B+12 ± iC, φ ]±
√
2m(B+12 ± iC).
(5.74)
On any of these fields (which we denote generically by X) the charge Q+(m) satisfies the
algebra:
(Q+(m))2X = 2
√
2 i [X, φ ] + 2mqX, (5.75)
where q = −1 for B+11, ψ˜+11, B+12− iC and ψ˜+12− i2ζ , and q = +1 for B+22, ψ˜+22, B+12+ iC and
ψ˜+12 +
i
2
ζ . Notice that these charge assingments are compatible with the U(1) symmetry
that we discussed above, and in fact one can see the “central charge” δqX = 2mqX arising
in the algebra (5.75) as an infinitesimal U(1) transformation with parameter m.
We also extend the Q+(m) transformation off-shell by declaring its action on H˜αα˙ to
be:
[Q+(m), H˜1α˙] = . . .− 2mχ˜1α˙,
[Q+(m), H˜2α˙] = . . .+ 2mχ˜2α˙.
(5.76)
In this way, Q+(m) closes on H˜1α˙, χ˜1α˙ with q = −1, and on H˜2α˙, χ˜2α˙ with q = +1.
Let us now prove that the above modifications suffice to render the m mass terms
Q+(m)-exact:
1
2
√
2
m(ψ˜+22B
+
11 − ψ˜+11B+22)
Q+(m)−→ m2B+11B+22 +mψ˜+11ψ˜+22 −
√
2 imB+22[B
+
11, φ], (5.77)
and
− 1
2
√
2
m
{
(B+12 − iC)
(
ψ˜+12 +
i
2
ζ
)
− (B+12 + iC)
(
ψ˜+12 −
i
2
ζ
)}
Q+(m)−→
−m2|B+12 + iC|2 +
√
2imφ[B+12 + iC,B
+
12 − iC] +m
(
ψ˜+12 +
i
2
ζ
)(
ψ˜+12 −
i
2
ζ
)
.
(5.78)
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Notice, moreover, that these terms are likewise Q
(m,ω)
1 -exact:
− 1√
2
mψ˜+11B
+
22
Q
(m,ω)
1−→ m2B+11B+22 +mψ˜+11ψ˜+22 −
√
2imB+22[B
+
11, φ], (5.79)
and
−
√
2m
{
(B+12 − iC)ψ˜+12
}
Q
(m,ω)
1−→ −m2|B+12 + iC|2 +
√
2imφ[B+12 + iC,B
+
12 − iC]
+m
(
ψ˜+12 +
i
2
ζ
)(
ψ˜+12 −
i
2
ζ
)
.
(5.80)
But we have not yet reproduced the terms – see (5.70): −√2imφ¯[B+12 + iC,B+12 − iC],
−2√2imB+11[B+22, φ¯] and mχ˜2α˙χ˜1α˙. These come from pieces already present in the gauge
fermion. Explicitly,
Tr
{
−1
4
χ˜α˙αH˜αα˙
}
Q+(m)−→ mχ˜2α˙χ˜1α˙, (5.81)
and
Tr
{
i
2
φ¯[ψ˜αβ , B
αβ ] +
i
2
[ζ, C]
}
Q+(m)−→
−
√
2imφ¯[B+12 + iC,B
+
12 − iC]− 2
√
2imB+11[B
+
22, φ¯].
(5.82)
The analysis of the terms containing the (2, 0)-form ω can be carried out essentialy as
in the Donaldson-Witten theory. The perturbation breaks up into a Q
(m,ω)
1 -exact piece:
{Q(m,ω)1 ,Tr(
√
2iωφ¯χ+11)} =
Tr
{
−2
√
2iωφ¯[B+12 + iC,B
+
11]− 4|ω|2φφ¯− 2iωχ+11
(
1
2
η − iχ+12
)}
,
(5.83)
and an operator of ghost number +2:
J(ω¯) =
∫
X
Tr
(
2
√
2iω¯φ[B+12 − iC,B+22] + ω¯ψ2α˙ψ2α˙
)
. (5.84)
Equation (5.84) is not very useful as it stands. To rewrite it in a more convenient form
we note that from (5.52) it follows that:
2
√
2iω¯Tr
{
φ[B+12 − iC,B+22]
}
=
√
2iTr
({Q+, ω¯φχ+22})−√2iω¯Tr (φF+22) . (5.85)
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Hence,
J(ω¯) = {Q+, · · · }+
∫
X
ω¯Tr
(
ψ2α˙ψ2
α˙ −
√
2iφF+22
)
︸ ︷︷ ︸
I(ω¯)
, [Q+, I(ω¯)] = 0. (5.86)
Moreover, as the m mass term does not enter in any of the above calculations, the results
also hold for Q+(m).
The preceding analysis implies that if we denote vacuum expectation values in the
twisted theory (which has topological symmetry Q+and action L) by 〈. . . 〉, in the com-
pletely perturbed theory (with action L + ∆L(m,ω) and symmetry Q
(m,ω)
1 ) by 〈. . . 〉m,ω,
and in the equivariantly extended theory (with action L+∆L(m) and symmetry Q+(m))
by 〈. . . 〉m, the situation for the partition function is the following:
〈1〉m,ω =
〈
e−J(ω¯)e−∆L(m)
〉
=
〈
e−J(ω¯)
〉
m
. (5.87)
In the first equality we have discarded the Q
(m,ω)
1 -exact term (5.83). Notice that it is
also possible, for the same reason, to discard the terms in (5.79) and (5.80). This leaves
the Q
(m,ω)
1 -closed action L+∆
(1)+J(ω¯), where ∆(1) are the mass terms (5.81) and (5.82),
i.e.
∆(1) = m
∫
X
Tr
(
χ˜2α˙χ˜
α˙
1 −
√
2iφ¯[B+12 + iC,B
+
12 − iC]− 2
√
2iB+11[B
+
22, φ¯]
)
. (5.88)
Notice that ∆(1) has ghost number −2, while J(ω¯) has ghost number +2. Also L+∆(1)
is Q+(m)-closed (in fact it is Q+(m)-exact up to a θ-term). Hence, we can trade J(ω¯) for
{Q+(m), · · · } + I(ω¯) and discard the Q+(m)-exact piece in (5.85). We are left with the
action
L+∆(1)︸ ︷︷ ︸
Q+(m)−exact
+ I(ω¯)︸︷︷︸
Q+(m)−closed
. (5.89)
Now, as noted in [109] in a closely related context, I(ω¯) (or rather J(ω¯)) is the F -term
of the chiral superfield Φ3; therefore, it cannot develop a vacuum expectation value if
supersymmetry is to remain unbroken. Strictly speaking, this applies to 〈ψ2ψ2〉. As for
the remaining term φ[B+12− iC,B+22], one can readily check that it vanishes on the moduli
space. Hence, 〈
eI(ω¯)
〉
m
= 〈1〉m =
〈
e−∆
(1)
〉
. (5.90)
Finally, since ∆(1) has ghost number −2, its vev in the original theory must vanish
as well, if the ghost number symmetry is to remain unbroken. Hence, under these as-
sumptions, the partition function is indeed invariant under the perturbation as stated in
[100].
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5.4.3 Equivariant extension of the Thom form
On Ka¨hler manifolds there is a U(1) symmetry (5.59) acting on the moduli space. This
symmetry was already noted in [100] within the discussion of the vanishing theorem,
which guarantees localization on the moduli space of ASD connections, but not further
use of it was made. We have discussed it in the previous section in connection with the
mass perturbations. Its action on the different fields is the following:

B+11 → e−itB+11,
B+12 − iC → e−it(B+12 − iC),
ψ˜+11 → e−itψ˜+11,
ψ˜+12 − i2ζ → e−it(ψ˜+12 − i2ζ),
χ˜1α˙ → e−itχ˜1α˙,
H˜1α˙ → e−itH˜1α˙,

B+22 → eitB+22,
B+12 + iC → eit(B+12 + iC),
ψ˜+22 → eitψ˜+22,
ψ˜+12 +
i
2
ζ → eit(ψ˜+12 + i2ζ),
χ˜2α˙ → eitχ˜2α˙,
H˜2α˙ → eitH˜2α˙.
(5.91)
The gauge field A, the antighosts χ+αβ and η, and the scalar fields φ and φ¯, carry no
charge under this U(1). These transformations can be thought of as defining the one-
parameter flow associated to the action on the field spaceM of the following vector field
XM ∈ T(A,B+,C)M:
XM =
(
0,−iB+11, iB+22,−i(B+12 − iC), i(B+12 + iC)
)
. (5.92)
From the viewpoint of the Mathai-Quillen formalism, the unperturbed twisted theory
provides a representation of the G-equivariant de Rham cohomology (in the Cartan model)
on the moduli space. However, the formulation is not equivariant with respect to the U(1)
action. In other words, the perturbed action is not invariant (i.e. it is not equivariantly
closed) under the unperturbed twisted supercharge. On the other hand, it is invariant
under the perturbed twisted supercharge. In fact, the twisted supercharge Q+(m) of the
perturbed theory can be interpreted as the generator of the U(1)-equivariant extension of
the G-equivariant de Rham cohomology on the moduli space. This connection between
massive extensions of twisted supersymmetric theories and equivariant cohomology was
exploited in [65], where the explicit construction leading to the idea of the equivariant
extension was carried out in detail. In what follows, we will try to adapt the construction
in [65] to our problem. We intend to be as sketchy as possible, and therefore refer the
reader to the work cited above for the minute details of the construction.
The idea underlying the construction is the following. Prior to the perturbation, we
have a topological field theory which admits a Mathai-Quillen description with BRST
charge Q+. This means, among other things, that the corresponding Lagrangian is a
Q+-commutator. After adding the mass terms proportional to m, it is possible to modify
the Q+ transformation laws so that the perturbed Lagrangian can be written as a Q+(m)-
commutator as well, where Q+(m) are the modified topological transformations. In view
of this, it would be tempting to assume that there has to be a standard Mathai-Quillen
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construction associated to the new topological theory. However, the perturbation has not
changed the geometrical setting of the problem, so there is a priori no reason why the
Mathai-Quillen formulation should change at all. In fact, it does not, and it turns out
that the perturbed theory admits no standard Mathai-Quillen formulation. However, as
pointed out in [65], the formalism allows a natural generalization in those situations in
which there is an additional symmetry group acting on the moduli space. The geometrical
construction involved is an equivariant extension [5] of the Thom form of E within the
framework of the Mathai-Quillen formalism.
The Mathai-Quillen formalism provides an explicit representative of the Thom form
of the oriented vector bundle E =M×G F . The bundle E is awkward to work with, and
it is preferable to work equivariantly, i.e. to regard E explicitly as an associated vector
bundle to the G-principal vector bundleM×F → E . The Mathai-Quillen representative
of the Thom form of E is G-equivariantly closed and basic onM×F (and hence descends
naturally to E). In the Weil model for the G-equivariant cohomology of E , the Mathai-
Quillen form is an element in W(g) ⊗ Ω∗(F ) (W(g) is the Weil algebra of G) given by
[20]:
U = e−|x|
2
∫
Dχ exp
(
1
4
χiKijχj + iχi(dxi + θijxj)
)
. (5.93)
In (5.93) xi are orthonormal coordinates on the fibre F , and dxi are their corresponding
differentials. The χi are Grassmann orthonormal coordinates for the fibre, while K and θ
are the generators ofW(g). The Chern-Weil homomorphism, which essentially substitutes
the universal realizations K and θ by the actual curvature and connection inM×F , gives
the link between the Universal representative U and the Thom form Φ(E). The important
point is that while U is G-equivariantly closed by construction, it is not equivariantly
closed with respect to the U(1) action. It seems natural to look for a redefinition of
the representative (5.93), which is U(1)-equivariantly closed. The equivariant extension
of U with respect to the U(1) action simply amounts to finding a suitable form p such
that U + p is U(1)-equivariantly closed [5]. Within the framework of the Mathai-Quillen
formalism this amounts to replacing the curvature K with a new equivariant curvature
KU(1) [65], which is just the original curvature 2-form K plus an operator LΛ involving
the infinitesimal U(1) action and the connection 1-form θ. In the Cartan model, which
is the best suited to topological field theories, the connection form is set to zero, and
hence the equivariant extension of the curvature is just the original one plus an operator
implementing the infinitesimal U(1) action. This may sound rather abstract, so we now
proceed to the actual construction. The main ingredients are a U(1) action defined on
the moduli space and the fibre F , under which the metrics on both the moduli space and
the fibre must be invariant, while the section s :M→ V has to transform equivariantly;
that is, if φMt and φ
F
t denote the action of U(1) on M and F respectively, then
s · φMt = φFt · s (5.94)
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This can be easily verified in the present problem in view of the form of s (5.53) and
the U(1) actions (5.91). As for the metrics, it suffices to show that for two vector fields
(0, X+, x) and (0, Y +, y), their scalar product is invariant under the U(1) action (5.91).
According to our conventions, TrX+αβY
+αβ = −4TrX ∧∗Y , so a natural definition for the
metric on the field space would be as follows (〈|〉 denotes the scalar product on TM):〈
(0, X+, x)|(0, Y +, y)〉 = −∫
X
Tr
(
X+αβY
+αβ
)
+ 2
∫
X
Tr ∗ (xy) =
−
∫
X
Tr
(
X+11Y
+
22 +X
+
22Y
+
11
)
+
∫
X
Tr
[
(X+12 + ix)(Y
+
12 − iy) + (X+12 − ix)(Y +12 + iy)
]
,
(5.95)
which is indeed invariant under the U(1) action.
To incorporate the U(1) action to the Mathai-Quillen construction for the theory,
we modify the Q+ transformations of the ghosts and the auxiliary fields charged under
U(1) by replacing the curvature φ with its equivariant extension φ(t) = φ + Lt, where
Lt generates on the fields an infinitesimal U(1) transformation. According to (5.91), this
affects only ψ˜+αβ , ζ and H˜αα˙. In view of (5.52), the new transformations read:
{Q+(t), ψ˜+11} = 2i([B+11, φ]− itB+11),
{Q+(t), ψ˜+22} = 2i([B+22, φ] + itB+22),{
Q+(t), ψ˜+12 ±
i
2
ζ
}
= 2i
(
[B+12 ± iC, φ]± it(B+12 ± iC)
)
,[
Q+(t), H˜1α˙
]
= 2
√
2i([χ˜1α˙, φ]− itχ˜1α˙)−
√
2[Q+, s1α˙],[
Q+(t), H˜2α˙
]
= 2
√
2i([χ˜2α˙, φ] + itχ˜2α˙)−
√
2[Q+, s2α˙],
(5.96)
If we now set t = −m/√2 we see that eqs. (5.96) reduce precisely to the Q+(m) trans-
formations (5.74) and (5.76). The transformations (5.96), when applied to the gauge
fermion
Ψ =
1
e20
∫
X
d4x
√
gTr
{
−1
4
χ˜α˙α
(
H˜ ′αα˙ −
√
2sαα˙
)− 1
4
χαβ
(
H ′αβ − sαβ
)}
+
1
e20
∫
X
d4x
√
gTr
{ 1
2
√
2
φ¯
(Dαα˙ψα˙α + i√2 [ψ˜αβ , Bαβ ]− i√2 [ζ, C] )}
− 1
e20
∫
X
d4x
√
gTr
{ i
4
η[φ, φ¯]
}
,
(5.97)
reproduce the original unperturbed action plus the mass terms (5.81) and (5.82). To ob-
tain the remaining mass terms we note that, as is standard in topological (cohomological)
field theories, there remains the possibility of adding to the action a Q+(t)-exact piece
without – hopefully – disturbing the theory. As discussed in [65], the requisite piece can
Duality in Topological Quantum Field Theories 71
be interpreted as the equivariantly-exact differential form which is conventionally added
to prove localization in equivariant integration. It has the form {Q+(t), ωXM}, where
ωXM is the differential form given by ωXM(Y ) = 〈XM|Y 〉, Y being a vector field on M.
In view of the form of the vector field XM (5.92) and of the metric (5.95), and keeping
in mind that the ghosts (ψ, ψ˜+, ζ) provide a basis of differential forms on M, this form
gives a contribution{
Q+(t),−it
2
∫
X
Tr
(
ψ˜+22(−iB+11) + ψ˜+11(iB+22)
)
+
it
2
∫
X
Tr
(
(−i)(B+12 − iC)
(
ψ˜+12 +
i
2
ζ
)
+ i(B+12 + iC)
(
ψ˜+12 −
i
2
ζ
))}
.
(5.98)
But these are precisely the terms (5.77) and (5.78), which as we have seen give correctly
the remaining mass terms.
5.5 The partition function for G = SU(N)
In this section we will consider the Vafa-Witten theory for gauge group SU(N). As all
the fields are in the adjoint representation of the gauge group, it is possible to consider
non-trivial gauge configurations in SU(N)/ZZN and compute the partition function for a
fixed value of the ’t Hooft flux v ∈ H2(X,ZZN). We know that the twisted N = 4 super-
symmetric action breaks up into a Q+-exact piece plus a topological term proportional to
the instanton number of the gauge configuration,
Stwisted = {Q+,Ψ} − 2πikvτ0, (5.99)
with kv the instanton number of a gauge bundle with ’t Hooft flux v. This is an integer
for SU(N) bundles (v = 0), but for non-trivial SU(N)/ZZN bundles with v 6= 0 one has
kv = −N − 1
2N
v · v mod ZZ, (5.100)
where v · v stands for ∫
X
v ∧ v . Therefore, as pointed out in [100], one would expect the
SU(N) partition function to be invariant to τ0 → τ0 + 1, while the SU(N)/ZZN theory
should be only invariant under τ0 → τ0 + 2N on arbitrary four-manifolds, and under
τ0 → τ0+N on spin four-manifolds (where v · v is even.) In any case, for odd N , we have
invariance under τ0 → τ0 +N on any four-manifold.
As we have argued above, one can compute the partition function in terms of the
vacuum degrees of freedom of the N = 1 theory which results from giving bare masses to
all the three chiral multiplets of theN = 4 theory. The partition functions onK3 for gauge
group SU(N) and trivial ’t Hooft fluxes have been computed by Vafa and collaborators
in [82]. We will extend their results to arbitrary ’t Hooft fluxes and compute the partition
function on more general Ka¨hler four-manifolds. These results have been presented in
[60][61].
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5.5.1 The partition function on K3
As a first step towards the derivation of the formula for the partition function we will
consider the theory on K3, where some explicit results are already available. For X a
K3 surface the canonical divisor is trivial, so there exists a nowhere vanishing section of
the bundle of (2, 0) forms. Therefore, the mass perturbation ω does not vanish anywhere
and the above analysis of the vacuum structure of the N = 1 theory carries over without
change.
The structure of the partition function for trivial ’t Hooft flux was conjectured in
[100]. This conjecture has been confirmed in [82] by studying the effective theory on N
coincident M5-branes wrapping around K3×T 2. The partition function for zero ’t Hooft
flux is almost a Hecke transformation of order N [3] of G(τ) = η(τ)−24, with η(τ) the
Dedekind function – see eq. (3.7) in [82]:
Zv=0 ≡ ZN = 1
N2
∑
0≤a,b,d∈ZZ
ad=N, b<d
dG
(
aτ0 + b
d
)
. (5.101)
Notice that the number of terms in (5.101) equals the sum of the positive divisors of N
as we mentioned above. When N is prime the formula is considerably simpler
Zv=0 =
1
N2
G(Nτ0) +
1
N
N−1∑
m=0
G
(
τ0 +m
N
)
. (5.102)
There are N +1 terms, the first one corresponding to the irreducible embedding, and the
other N to the vacua of the N = 1 SU(N) SYM theory.
The SU(N) partition function is defined from (5.101) as ZSU(N) =
1
N
Zv=0. From it,
the SU(N)/ZZN partition function ZSU(N)/ZZN =
∑
v Zv can be obtained via a modular
transformation [100] (see the appendix in sect. 5.6 for details)
ZSU(N)/ZZN (τ0) = N
χ/2
(τ0
i
)χ/2
ZSU(N)(−1/τ0) = 1
N2
∑
a,b,d
p=gcd (b,d)
d12p11G
(
aτ0 + b
d
)
.
(5.103)
Notice the first equality in (5.103), which is, up to some correction factors which vanish
in flat space, the original Montonen-Olive conjecture.
To generalize (5.102) for gauge configurations with arbitrary ’t Hooft flux we pro-
ceed as in [100]. The N contributions coming from the N = 1 pure gauge theory
vacua are related by an anomalous chiral symmetry which takes τ0 → τ0 + 1. The
anomaly is 2Nkv − (N2 − 1)
(
χ+σ
4
)
= −(N − 1)v · v + · · · , which is half the anomaly
in Donaldson-Witten theory. Hence, the contributions from each vacuum pick anoma-
lous phases e−iπmkv = eiπ
N−1
N
mv2 . As for the contribution coming from the irreducible
embedding, modular invariance requires that it vanishes unless v = 0. Hence,
Duality in Topological Quantum Field Theories 73
Zv =
1
N2
G(Nτ0)δv,0 +
1
N
N−1∑
m=0
eiπ
N−1
N
mv2 G
(
τ0 +m
N
)
. (5.104)
The Zv transform into each other under the modular group as predicted in [100]
Zv(τ0 + 1) = e
−iπN−1
N
v2Zv(τ0),
Zv(−1/τ0) = N−11
(τ0
i
)−12∑
u
e
2ipiu·v
N Zu(τ0).
(5.105)
To evaluate the sum over u we use formulas (5.139) and (5.140) in the appendix to this
chapter2.
By summing over v in (5.104) we can check (5.103)
ZSU(N)/ZZN =
∑
v
Zv
=
1
N2
G(Nτ0) +N
21G(τ0/N) +N
10
N−1∑
m=1
G
(
τ0 +m
N
)
.
(5.106)
The above results only hold for prime N . We have not been able to find the appropriate
generalization for arbitrary N .
5.5.2 More general Ka¨hler manifolds
On more general Ka¨hler manifolds the spatially dependent mass term vanishes where
ω does, and we will assume as in [100][109] that ω vanishes with multiplicity one on a
union of disjoint, smooth complex curves Cj, j = 1, . . . n of genus gj which represent
the canonical divisor K of X. The vanishing of ω introduces corrections involving K
and additional modular functions whose precise form is not known a priori. In the G =
SU(2) case, each of the N = 1 vacua bifurcates along each of the components Cj of the
canonical divisor into two strongly coupled massive vacua. This vacuum degeneracy is
believed to stem [100][109] from the spontaneous breaking of a ZZ2 chiral symmetry which
is unbroken in bulk. This is exactly the same pattern that arises in all known examples
of twisted N = 2 theories with gauge group SU(2) as the Donaldson-Witten theory
and its generalizations [64][84][109]. This in turn seems to be related to the possibility
of rewritting the corrections near the canonical divisor in terms of the Seiberg-Witten
invariants [110]. In fact, it is known that the Vafa-Witten partition function for G =
SU(2) can be rewritten in terms of the Seiberg-Witten invariants [26].
2Note that K3 has χ = 24, σ = −16, b1 = 0 and b2 = 22.
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The form of the corrections for G = SU(N) is more involved. From related results
on Donaldson-Witten theory [76] we know that the higher-rank case presents some new
features. We have not been able to disentangle the structure of the vacua near the
canonical divisor from first principles. Instead, we will exploit the expected behaviour of
the partition function under blow-ups of X. This, together with the modular invariance
of the partition function will suffice to completely determine the unknown functions.
5.5.2.1 Behaviour under blow-ups
Blowing up a point on a Ka¨hler manifold X replaces it with a new Ka¨hler manifold X̂
whose second cohomology lattice is H2(X̂,ZZ) = H2(X,ZZ) ⊕ I−, where I− is the one-
dimensional lattice spanned by the Poincare´ dual of the exceptional divisor B created by
the blow-up. Any allowed ZZN flux v̂ on X̂ is of the form v̂ = v⊕ r, where v is a flux in X
and r = λB, λ = 0, 1, . . .N −1. The main result concerning the SU(2) partition function
in [100] is that under blowing up a point on a Ka¨hler four-manifold with canonical divisor
as above, the partition functions for fixed ’t Hooft fluxes ẐX̂,v̂ factorize as ZX,v times a
level 1 character of the SU(2) WZW model. It would be natural to expect that the same
factorization holds for G = SU(N), but now with the level 1 SU(N) characters. In fact,
the same behaviour under blow-ups has been proved by Yoshioka [115] for the generating
function of Euler characteristics of SU(N) instanton moduli space on Ka¨hler manifolds.
This should not come out as a surprise since it is known that, on certain four-manifolds,
the partition function of Vafa-Witten theory computes Euler characteristics of instanton
moduli spaces [82][100]. This can be confirmed by realizing the Vafa-Witten theory as
the low-energy theory of M5-branes wrapped on X × T 2 [24]. It seems therefore natural
to assume that the same factorization holds for the partition function with G = SU(N).
Explicitly, given a ’t Hooft flux v̂ = v ⊕ λB, λ = 0, 1, . . .N − 1, on X̂, we assume the
factorization [115]
ZX̂,v̂(τ0) = ZX,v(τ0)
χλ(τ0)
η(τ0)
, (5.107)
where χλ(τ0) is the appropriate level 1 character of SU(N) – see the appendix to this
chapter for details. This assumption fixes almost completely the form of the partition
functions. Some loose ends can be tied up by demanding modular invariance of the
resulting expression.
5.5.3 The formula for the partition function
Given the assumptions above, and taking into account the structure of the partition
function on K3, we are in a position to write down the formula for Ka¨hler four-folds X
with h(2,0) 6= 0. We will first assume that the canonical divisor K is connected and with
genus g − 1 = 2χ+ 3σ. The formula is then
Duality in Topological Quantum Field Theories 75
Zv =
(
N−1∑
λ=0
(
χλ
η
)1−g
δv,λ[K]N
)(
1
N2
G(Nτ0)
)ν/2
+N1−b1
N−1∑
m=0
(
N−1∑
λ=0
(
χm,λ
η
)1−g
e
2ipi
N
λv·[K]N
)
eiπ
N−1
N
mv2
(
1
N2
G
(
τ0 +m
N
))ν/2
,
(5.108)
where ν=χ+σ
4
, G(τ)=η(τ)−24 (with η the Dedekind function) and [K]N is the reduction
modulo N of the Poincare´ dual of K. In (5.108) χλ are the SU(N) characters at level 1
(see the appendix 5.6) and χm,λ are certain linear combinations thereof
χm,λ(τ0) =
1
N
N−1∑
λ′=0
e−
2ipi
N
λλ′eiπ
N−1
N
m(λ′)2χλ′(τ0), 0 ≤ m,λ ≤ N − 1. (5.109)
The structure of the corrections near the canonical divisor in (5.108) suggests that the
mechanism at work in this case is not chiral symmetry breaking. Indeed, near K there is
an N -fold bifurcation of the vacuum, and the functions χλ, χm,λ (with m fixed) are not
related by a shift in τ0 as it would be the case were chiral symmetry breaking responsible
for the bifurcation. A plausible explanation for this bifurcation could be found in the
spontaneous breaking of the center of the gauge group (which for G = SU(N) is precisely
ZZN .) This could come about as follows. Let us focus on the irreducible embedding.
For trivial canonical divisor the gauge group is almost but not completely Higgsed in
this vacuum. In fact, since the scalar fields transform in the adjoint representation of
SU(N), the center ZZN ⊂ SU(N) remains unbroken. The SU(N) gauge threory has ZZN
string-like solitons [44] which carry non-trivial ZZN -valued electric and magnetic quantum
numbers. If these solitons condense, the center ZZN is completely broken giving rise to
an N -fold degeneracy of the vacuum. Each vacuum is singled out by a different value
of the ZZN -valued flux. Now for non-trivial canonical divisor K as above, the irreducible
vacuum separates into N vacua with magnetic fluxes λ[K]N ! One could be tempted to
speculate further and identify the surface K (or the Cj below) with the world-sheet of the
condensed string soliton.
As in [100] we can generalize the above formula for the case that the canonical divisor
consists of n disjoint smooth components Cj, j = 1, . . . , n of genus gj on which ω vanishes
with multiplicity one. The resulting expression very similar to that in [100]
Zv =
(∑
~ε
δv,wN (~ε )
n∏
j=1
N−1∏
λ=0
(
χλ
η
)(1−gj)δεj ,λ)( 1
N2
G(Nτ0)
)ν/2
+N1−b1
N−1∑
m=0
[
n∏
j=1
(
N−1∑
λ=0
(
χm,λ
η
)1−gj
e
2ipi
N
λv·[Cj ]N
)]
eiπ
N−1
N
mv2
(
1
N2
G
(τ0 +m
N
))ν/2
,
(5.110)
76 The Vafa-Witten theory
where [Cj ]N is the reduction modulo N of the Poincare´ dual of Cj , and
wN(~ε) =
∑
j
εj [Cj]N , (5.111)
where εj = 0, 1, . . .N − 1 are chosen independently. Notice that (5.110) reduces to
(5.108) when n = 1.
The above formulae for the partition function do not apply directly to the SU(2) case.
For N = 2 there are some extra relative phases ti – see equations (5.45) and (5.46) in [100]
– that we have not considered here. Modulo these extra phases, (5.108) and (5.110) are a
direct generalization of Vafa and Witten’s results. They reduce on K3 to the formula of
Minahan, Nemeschansky, Vafa and Warner [82] and generalize their results to non-zero ’t
Hooft fluxes. Moreover, as we will show momentarily, they transform as expected under
duality and factorize appropriately under blow-ups. Therefore, the above results (5.108)
and (5.110) can be seen as predictions for the Euler numbers of instanton moduli spaces
on Ka¨hler four-manifolds with b+2 > 1.
We can actually be more specific about the possibility of including relative phases
between the contributions of the different vacua along the cosmic string. In [100] there is
one such phase tj , j = 1, . . . , n for each component of the canonical divisor. These phases
reflect an anomaly in a ZZ2 symmetry that permutes the bifurcated vacua along each Ci.
In the present case there seems to be no such potentially anomalous symmetry permuting
the N vacua along each Cj, so one could think that there is no reason to include any
relative phase. But let us just ignore this for the time being and try to see whether eqns.
(5.108) and (5.110) can be generalized to incorporate such phases while still preserving
the required modular properties. The generalization we seek amounts to replacing (5.110)
with:
Zv =
(∑
~ε
δv,wN (~ε )
n∏
j=1
N−1∏
λ=0
(tλ
j)δεj ,λ
(
χλ
η
)(1−gj)δεj ,λ)( 1
N2
G(Nτ0)
)ν/2
+N1−b1
N−1∑
m=0
[
n∏
j=1
(
N−1∑
λ=0
(
χm,λ
η
)1−gj
tλ
j e
2ipi
N
λv·[Cj ]N
)]
eiπ
N−1
N
mv2
(
1
N2
G(
τ0 +m
N
)
)ν/2
,
(5.112)
where the nN quantities tλ
j, with λ = 0, . . . , N − 1 and j = 1, . . . , n, are a priori
arbitrary complex numbers. By rescaling the partition function we can always set t0
j = 1,
j = 1, . . . , n.
Let us first consider factorization under blow-ups. Let B be the exceptional divisor
created by the blow-up. The partition function on the blown-up manifold is exactly
the same as above but with an extra term in the product over the components of the
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canonical divisor which accounts for B. This new term contains N complex numbers tBλ ,
with tB0 = 1 as above. Going through the details (see section 5.5.3.1 below) it follows that
the partition function factorizes properly under the blow-up provided tBλ = 1 for all λ. In
the SU(2) case a similar result holds which follows from the constraint
∏
j tj = (−1)ν . (ν
doesn’t change under blow-ups, so on the blown-up manifold (
∏
j tj)tB = (−1)ν , which
forces tB = 1.) We don’t know if a similar constraint holds for N > 2, but the above
result strongly suggests that it does.
The behaviour under τ0 → −1/τ0 imposes two strong constraints on the tλj. Under
τ0 → −1/τ0 the contribution from the irreducible embedding is mapped to the term with
m = 0 in the contribution from the N = 1 vacua, and this holds true for (5.112) provided
tλ
j = tN−λj for all j. In addition, the term with m = k > 0 is mapped to the term with
m = h, where kh = −1 mod N , and this requires tλj = tkλj = thλj. By considering
all possible values of k we find that tλ
j = tkλ
j for all k = 1, . . . , N − 1, which implies
t1
j = t2
j = · · · = tN−1j. Hence, we end up with a single tj for each component Cj of the
canonical divisor. It is now clear that the above result is not consistent with having an
anomalous symmetry permuting the vacua along each Cj , and not knowing of any other
mechanism that could be responsible for having tj 6= 1, we will assume that the tj = 1 for
all j.
Finally, it could be interesting to investigate whether (5.108) and (5.110) can be rewrit-
ten in terms of the Seiberg-Witten invariants. We believe that this is not the case for
the following reason. Let us suppose that it is actually possible to do so. Then one
would expect, by analogy with the result for SU(2) [26], that the Donaldson-Witten par-
tition function for SU(N) [76] should be recovered from the Vafa-Witten SU(N) partition
function in the decoupling limit q0 → 0, m → ∞ with m2Nq0 fixed. In particular, one
would expect that the structure of the corrections involving the canonical divisor should
be preserved in this limit. Now in the DW partition function in [76], these corrections are
written in terms of the Seiberg-Witten classes x [110]. For G = SU(N) these basic classes
appear in the generic form
∑
x1,... ,xN−1
nx1 · · ·nxN−1 (nxl are the Seiberg-Witten invariants
[110]). Therefore, for G = SU(N) there are N − 1 independent basic classes contributing
to the above sum. On a Ka¨hler manifold with canonical divisor K = C1 ∪ C2 ∪ · · · ∪ Cn,
with the Cj disjoint and with multiplicity one, each of these basic classes can be written
as
xl =
∑
ρjl
ρjlCj, (5.113)
with each ρjl = ±1 [110], and the sum over the basic classes can be traded for a sum
over the ρjl . This is analogous to the sum over the εj in (5.110), and both sums should
contain the same number of terms were it possible to rewrite (5.110) in terms of the basic
classes. However, while in the sum over the ρjl there are 2
n(N−1) terms, the sum over the
εj contains N
n terms. Notice that this two numbers do coincide when N = 2, as it should
be, but for N 6= 2 this is no longer the case.
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It would certainly be most interesting to extend these results to all N (not necessarily
prime), and to investigate what the large N limit of (5.108) and (5.110) correspond to
on the gravity side in the light of the AdS/CFT correspondence. This remains as yet an
open problem.
5.5.3.1 Blow-ups
Given (5.110), we can see explicitly how the factorization property (5.107) works. Let X
be a Ka¨hler four-fold with Euler characteristic χ = 2(1− b1) + b2, signature σ = b+2 − b−2
and canonical divisor K = ∪nj=1Cj, and let X̂ be its one blow-up at a smooth point. Then
b̂1 = b1, b̂2 = b2 + 1, χ̂ = χ + 1, σ̂ = σ − 1 and K̂ = K ∪ B, where B is the exceptional
divisor, which satisfies B · Cj = 0 and B2 = −1 = gB − 1. Consider a ’t Hooft flux
v̂ = v ⊕ λ̂B in X̂, where v is a flux in X and λ̂ is an integer defined modulo N . Now
ν̂ = ν, v̂2 = v2 − λ̂2, v̂ · Cj = v · Cj, v̂ · B = λ̂B2 = −λ̂ and ŵN(~ǫ) =
∑n
j=1 εj[Cj]N + ε̂ B.
Thus, the partition function (5.110) takes the form
ẐX̂,v̂ =
∑
~ε,ε̂
δv,wN (~ε )δλ̂,ε̂
n∏
j=1
N−1∏
λ=0
(
χλ
η
)(1−gj)δεj ,λ (χλ
η
)(1−gB)δε̂,λ( 1
N2
G(Nτ0)
)ν/2
+N1−b1
N−1∑
m=0
[
n∏
j=1
(
N−1∑
λ=0
(
χm,λ
η
)1−gj
e
2ipi
N
λv·[Cj ]N
)(
N−1∑
λ=0
(
χm,λ
η
)1−gB
e−
2ipi
N
λλ̂
)]
eiπ
N−1
N
mv2e−iπ
N−1
N
mλ̂2
(
1
N2
G
(τ0 +m
N
))ν/2
,
and therefore
ẐX̂,v̂ =
(
χλ̂
η
)(∑
~ε
δv,wN (~ε )
n∏
j=1
N−1∏
λ=0
(
χλ
η
)(1−gj)δεj ,λ)( 1
N2
G(Nτ0)
)ν/2
+N1−b1
N−1∑
m=0
(
N−1∑
λ=0
(
χm,λ
η
)
e−
2ipi
N
λλ̂e−iπ
N−1
N
mλ̂2
)[
n∏
j=1
(
N−1∑
λ=0
(
χm,λ
η
)1−gj
e
2ipi
N
λv·[Cj ]N
)]
eiπ
N−1
N
mv2
(
1
N2
G
(τ0 +m
N
))ν/2
.
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Now, from (5.109) it follows that
N−1∑
λ=0
(
χm,λ
η
)
e−
2ipi
N
λλ̂e−iπ
N−1
N
mλ̂2 =
1
N
∑
λ,λ′
e−
2ipi
N
λ(λ′+λ̂)eiπ
N−1
N
m((λ′)2−λ̂2)
(
χλ′
η
)
. (5.115)
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Summing over λ and using (5.135) we get
1
N
∑
λ,λ′
e−
2ipi
N
λ(λ′+λ̂)eiπ
N−1
N
m((λ′)2−λ̂2)
(
χλ′
η
)
=
∑
λ′
δλ′+λ̂,0 e
iπN−1
N
m((λ′)2−λ̂2)
(
χλ′
η
)
=
χ−λ̂
η
=
χN−λ̂
η
=
χλ̂
η
. (5.116)
Hence,
ẐX̂,v̂ =
(
χλ̂
η
)(∑
~ε
δv,wN (~ε )
n∏
j=1
N−1∏
λ=0
(
χλ
η
)(1−gj)δεj ,λ)( 1
N2
G(Nτ0)
)ν/2
+N1−b1
N−1∑
m=0
(
χλ̂
η
)[ n∏
j=1
(
N−1∑
λ=0
(
χm,λ
η
)1−gj
e
2ipi
N
λv·[Cj ]N
)]
eiπ
N−1
N
mv2
(
1
N2
G
(τ0 +m
N
))ν/2
=
(
χλ̂
η
)
ZX,v,
(5.117)
as expected.
5.5.3.2 Modular transformations
We will now study the modular properties of the partition functions (5.108) and (5.110).
With the formulas in section 5.6 one can check that they have the expected modular
behaviour3
Zv(τ0 + 1) = e
ipi
12
N(2χ+3σ)e−iπ
N−1
N
v2Zv(τ0),
Zv(−1/τ0) = N−b2/2
(τ0
i
)−χ/2∑
u
e
2ipiu·v
N Zu(τ0), (5.118)
and also, with ZSU(N) = N
b1−1Z0 and ZSU(N)/ZZN =
∑
v
Zv,
ZSU(N)(τ0 + 1) = e
ipi
12
N(2χ+3σ)ZSU(N)(τ0),
ZSU(N)/ZZN (τ0 +N) = e
ipi
12
N2(2χ+3σ)ZSU(N)/ZZN (τ0), (5.119)
and
ZSU(N)(−1/τ0) = N−χ/2
(τ0
i
)−χ/2
ZSU(N)/ZZN (τ0), (5.120)
3We assume as in [100] that there is no torsion in H2(X,ZZ). Were this not case, Eqs. (5.120) and
(5.110) above should be modified along the lines explained in [113].
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which is the Montonen-Olive relation. Notice that since N is odd, the SU(N) (or
SU(N)/ZZN) partition function is modular (up to a phase) for Γ0(N) on any four-manifold.
On the other hand, for even N one would expect on general grounds [100] modularity for
Γ0(2N), or at most Γ0(N) on spin manifolds.
5.5.3.3 The partition function on T 4
We will finish by considering the twisted theory on T 4, where an unexpected result
emerges. As K3, T 4 is a compact hyper-Ka¨hler manifold (hence with trivial canoni-
cal divisor). It has b1=4, b2=6 and χ= 0= σ. On T
4 the partition function (5.108)
reduces to its bare bones
Zv = δv,0 +
1
N3
N−1∑
m=0
eiπ
N−1
N
mv2 , (5.121)
and does not depend on τ0! This should be compared with the formulas in [33]. The Zv
are self-dual in the following sense
Zv =
1
N3
∑
u
e
2ipiu·v
N Zu. (5.122)
Notice that since T 4 is a spin manifold, v2 ∈ 2ZZ, and therefore the sum over m in (5.121)
vanishes unless v2 = 0 (modulo N), so Zv reduces to the rather simple form
ZT 4,v = δv,0 +
1
N2
δv2,0, (5.123)
which gives the partition function for the physical N = 4 SU(N) theory in the sector of
’t Hooft flux v and in the limit τ¯0 → ∞ (which would explain the discrepancy with the
results in [33].)
5.6 Appendix
Here we collect some useful formulas which should help the reader follow the computations
in the preceding section.
5.6.1 Modular forms
The function G is defined as
G(τ) =
1
η(τ)24
, (5.124)
and is a modular form of weight −12
G(τ)
τ→τ+1−→ G(τ), G(τ) τ→−1/τ−→ τ−12G(τ), (5.125)
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From (5.125) we can determine the modular behaviour of the different modular forms in
the K3 partition function
G(Nτ)
τ→−1/τ−→ τ−12N12G(τ/N),
G
(
τ +m
N
)
τ→−1/τ−→ τ−12G
(
τ + h
N
)
,
(5.126)
where 1 ≤ h ≤ N − 1, mh = −1 mod N and N prime.
For arbitrary N one has to consider the modular forms G
(
aτ+b
d
)
, where ad = N and
b < d [82]. These functions transform as follows
G
(
aτ + b
d
)
τ→−1/τ−→ τ−12
(
a
p
)12
G
(
pτ + ab′
ad˜
)
, (5.127)
where p = gcd (b, d), d˜ = d/p, b˜ = b/p, b′b˜ = −1 mod d˜. If b = 0, then p = d and
b′ = 0 = b˜. Notice that for prime N (5.127) reduces to (5.126).
5.6.2 Flux sums
The basic sums we have to consider are of the form
I(m,N) =
N−1∑
λ=0
e
ipim
N
λ(N−λ) =
N−1∑
λ=0
eiπ
N−1
N
mλ2 , (5.128)
for 1 ≤ m ≤ N − 1, and discrete Fourier transformations thereof
N−1∑
λ=0
e±
2ipi
N
λλ′eiπ
N−1
N
mλ2 , (5.129)
from which the sums over fluxes can be easily computed. The basic sum (5.128) is
related to a standard Gauss sum G(m,N) =
∑
r mod N e
2iπmr2/N [46]. In fact, I(m,N) =
I(m+N,N) and, since N is odd, it suffices to consider the case where m is even. But in
this case
I(2a,N) =
N−1∑
λ=0
eiπ
N−1
N
2aλ2 =
∑
λ
e−2iπaλ
2/N = G(a,N). (5.130)
Now, when a = 1,
G(1, N) =
√
N
2
(1 + i)
(
1 + e−
ipiN
2
)
, (5.131)
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([46], p. 165.) Moreover, for a > 1 and N and odd prime,
G(a,N) =
( a
N
)
G(1, N), (5.132)
where
(
a
N
)
is the Legendre symbol [46], which is +1 if a is a perfect square (mod N) and
−1 otherwise. Hence, taking (5.130)-(5.132) into account we have the result
N−1∑
λ=0
eiπ
N−1
N
mλ2 = ǫ(m)
√
Ne−
ipi
8
(N−1)2 , (5.133)
where
ǫ(m) =

(
m/2
N
)
, m even,
(
(m+N)/2
N
)
, m odd,
(5.134)
If kh = −1 mod N , ǫ(k) = ǫ(h) for N = 5 mod 4, and ǫ(k) = −ǫ(h) for N = 3 mod 4.
This property is essential in proving the second relation in (5.118).
We also have the identity
N−1∑
λ=0
e±
2ipi
N
λλ′ = Nδλ′,0, (5.135)
and the fundamental result
N−1∑
λ=0
e±
2ipi
N
λλ′eiπ
N−1
N
mλ2 = ǫ(m)
√
Ne−
ipi
8
(N−1)2eiπ
N−1
N
h(λ′)2 , (5.136)
with mh = −1 mod N and N an odd prime.
Now, given (5.133), the basic sum over fluxes
∑
v e
iπN−1
N
mv2 can be computed in terms
of (5.128) as follows – see [100], eq. (3.21)-(3.22):∑
v∈H2(X,ZZN )
eiπ
N−1
N
mv2 = I(m,N)b
+
2 I(m,N) b
−
2 , (5.137)
so one has (for prime N)∑
v∈H2(X,ZZN )
eiπ
N−1
N
mv2 =
(
ǫ(m)
)b2N b2/2e− ipi8 (N−1)2σ, (5.138)
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and also, from (5.135) and (5.136)∑
v∈H2(X,ZZN )
e
2ipi
N
u·v = N b2δu,0, (5.139)
∑
v∈H2(X,ZZN )
e
2ipi
N
u·veiπ
N−1
N
mv2 =
(
ǫ(m)
)b2
N b2/2e−
ipi
8
(N−1)2σeiπ
N−1
N
hu2 , (5.140)
with mh = −1 mod N as above.
5.6.3 SU(N) characters
We have seen above that the corrections to the SU(N) partition function near the canon-
ical divisor of the four-manifold X are given in terms of the level one characters χλ of the
SU(N) WZW model. These are defined as [50]
χλ(τ) =
1
η(τ)N−1
∑
~w∈[λ]
eiπτ ~w
2
, λ ∈ ZZ mod N, (5.141)
where [λ] is the λ-th conjugacy class of SU(N), and the identification χλ(τ) = χλ+N(τ)
is understood. Also, from the symmetry properties of the inverse Cartan matrix (5.142)
it follows that χλ = χN−λ. λ=0 mod N corresponds to ~w in the root lattice, while for
1 ≤ λ ≤ N −1, [λ] = {~w ∈ Λweight : ~w = ~αλ+
∑
nλ′∈ZZ n
λ′~αλ′}. ~αλ are the simple roots and
~αλ the fundamental weights of SU(N), normalized in such a way that the inverse Cartan
matrix Aλλ
′
has the standard form
Aλλ
′
= ~αλ · ~αλ′ = Inf {λ, λ′} − λλ
′
N
, 1 ≤ λ, λ′ ≤ N − 1. (5.142)
The characters (5.141) have definite properties under the modular group [50]
χλ(τ + 1) = e
− ipi
12
(N−1)eiπ
N−1
N
λ2χλ(τ),
χλ(−1/τ) = 1√
N
N−1∑
λ′=0
e−
2ipi
N
λλ′χλ′(τ).
(5.143)
From the characters χλ we introduce the linear combinations (N > 2 and prime)
χm,λ(τ) =
1
N
N−1∑
λ′=0
e−
2ipi
N
λλ′eiπ
N−1
N
m(λ′)2χλ′(τ), 0 ≤ m,λ ≤ N − 1, (5.144)
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which have the ciclicity property χm+N,λ = χm,λ = χm,λ+N since N is odd. Under the
modular group one has
χm,λ(τ + 1) = e
− ipi
12
(N−1)χm+1,λ(τ),
χ0,λ(−1/τ) = 1√
N
χλ(τ),
χm,λ(−1/τ) = ǫ(m) e− ipi8 (N−1)2eiπN−1N hλ2χm,hλ(τ), m > 0,
(5.145)
with mh = −1 mod N .
Chapter 6
Adjoint non-Abelian monopoles
In this chapter we will study the second possible twist of the N = 4 theory. The twisted
theory is well-defined on spin four-manifolds, and can be deformed by giving masses to two
of the chiral multiplets. The massive theory is still topological on arbitrary spin manifolds
and is in fact the twisted counterpart of the mass deformed N = 4 theory. Using the
low-energy effective description of the physical theory we compute, within the u-plane
approach of Moore and Witten [84], the generating function of topological correlation
functions for gauge group SU(2) and arbitrary values of the ’t Hooft fluxes, and analyze
the duality properties of the resulting formulas.
6.1 The twisted theory
The theory is defined by the splitting 4 −→ (2, 1) ⊕ (1, 1) ⊕ (1, 1) of the fundamental
representation of SU(4)I in representations of SU(2)L ⊗ SU(2)R. As explained in [114],
this amounts to breaking SU(4)I down to a subgroup SU(2)A⊗SU(2)F ⊗U(1), and then
replacing SU(2)L with the diagonal sum SU(2)
′
L of SU(2)L and SU(2)A. The subgroup
SU(2)F ⊗ U(1) remains in the theory as an internal symmetry group. Hence, we observe
that, as a by-product of the twisting procedure, it remains in the theory a U(1) symmetry
which was not present in the original N = 4 theory, and which becomes, as we shall see in
a moment, the ghost number symmetry associated to the topological theory. With respect
to the new symmetry group H′ = SU(2)′L ⊗ SU(2)R ⊗ SU(2)F ⊗ U(1) the supercharges
Qvα split up into three supercharges Q(βα), Q and Q
i
α, where the index i labels the
representation 2 of SU(2)F . In more detail,
Qv=1,2,3,4α →

Qv=1,2α → Qβα →
{
Q = −Qαα ≡ −Qv=22 −Qv=11,
Q(βα) = −Cγ(βQβα),
Qv=3α → Qi=1α ,
Qv=4α → Qi=2α .
(6.1)
The conjugate supercharges Q¯vα˙ split up accordingly into a vector isosinglet and a right-
handed spinor isodoublet supercharge, Q¯αα˙ and Q¯iα˙.
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The fields of the N = 4 multiplet give rise, after the twisting, to the following topo-
logical multiplet (in the notation of reference [114]):
Aαα˙ −→ A(0)αα˙ ,
λvα −→ χ(−1)βα , η(−1), λ(+1)iα ,
λ¯vα˙ −→ ψ(+1)αα˙ , ζ (−1)iα˙ ,
φuv −→ B(−2), C(+2), G(0)iα , (6.2)
where we have indicated the ghost number carried by the fields after the twisting by a
superscript. Notice that the twisted theory contains several spinor fields. This means that
the theory is not well defined on those manifolds X that do not admit a spin structure.
As explained in [48][63][66] – see [110] for a related discussion –, one could try to avoid
this problem by coupling the spinor fields to a fixed (background) Spinc structure. This is
essentially a fixed Abelian gauge configuration with magnetic fluxes through the two-cycles
of X quantized in ZZ/2 instead of in ZZ, which would be the standard Dirac quantization
condition. Quantum mechanics of electric charges is not consistent in this background,
but it turns out that the obstruction to defining consistent quantum propagation can be
fixed to cancel the obstruction to defining spinors on X [43]. We will not follow this path
here, and therefore we will take X to be an – otherwise arbitrary – spin four-manifold.
Some of the definitions in (6.2) need clarification. Our choices for the anticommuting
fields are:
λvα =
λ(v=1,2)α → λβα →
{
χβα = λ(βα),
η = 2λ[βα],
λ(v=3,4)α → λiα,
λ¯vα˙ =
{
λ¯v=1,2α˙ → ψαα˙,
λ¯v=3,4α˙ → ζ iα˙,
(6.3)
whereas for the commuting ones we set:
B = φ12, C = φ34,
G(i=1)1 = φ13, G(i=2)1 = φ14,
G(i=1)2 = φ23, G(i=2)2 = φ24. (6.4)
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In terms of the twisted fields, the action for the theory (on flat IR4) takes the form:
S(0) = 1
e20
∫
d4xTr
{ 1
2
∇αα˙B∇α˙αC − 1
4
∇αα˙Giβ∇α˙αGiβ − iψβα˙∇α˙αχαβ
− i
2
ψαα˙∇α˙αη − iζ iα˙∇α˙αλiα − 1
4
FmnF
mn − i√
2
χαβ [χαβ, C]
− i√
2
λiα[λiα, B] + i
√
2χαβ [λiα, G
i
β] +
i√
2
η[λi
α, Giα]− i
2
√
2
η[η, C]
+
i√
2
ψαα˙[ψ
α˙α, B] + i
√
2ψαα˙[ζ
iα˙, Giα] +
i√
2
ζiα˙[ζ
iα˙, C]− 1
2
[B,C]2
−[B,Giα][C,Giα] + 1
4
[Giα, Gjβ][G
iα, Gjβ]
}− iθ0
32π2
∫
d4xTr
{ ∗FmnFmn }.
(6.5)
To obtain the corresponding topological symmetry we proceed as follows. First of
all, we recall that the N = 4 supersymmetry transformations (3.3) are generated by
ξv
αQvα + ξ¯
v
α˙Q¯v
α˙. According to our conventions, to obtain the Q-transformations we
must set ξ¯vα˙ = 0 and make the replacement:
ξvα =
{
ξ(v=1,2)α → ǫCβα,
ξ(v=3,4)α → 0.
(6.6)
The resulting transformations turn out to be:
δAαα˙ = 2iǫψαα˙, δGjα = −
√
2ǫλjα,
δψαα˙ = −i
√
2ǫ∇αα˙C, δλjα = −2iǫ[Gjα, C],
δC = 0, δF+αβ = 2ǫ∇(αα˙ψβ)α˙,
δχαβ = −iǫF+αβ − iǫ[Giα, Giβ], δB =
√
2ǫη,
δζjα˙ = −i
√
2ǫ∇αα˙Gjα, δη = 2iǫ[B,C].
(6.7)
The generator Q of the transformations (6.7) satisfies the on-shell algebra {Q,Q} =
δg(C) where by δg(C) we mean a non-Abelian gauge transformation generated by C. It is
possible to realize this algebra off-shell, i.e., without the input of the equations of motion
for some of the fields in the theory. A minimal off-shell formulation can be constructed
by introducing in the theory the auxiliary fields Nαβ (symmetric in its spinor indices) and
P iα, both with ghost number 0. The off-shell BRST transformations which correspond to
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the enlarged topological multiplet can be cast in the form:
[Q,Aαα˙] = 2iψαα˙, {Q,ψαα˙} = −i
√
2∇αα˙C,
[Q,F+αβ ] = 2∇(αα˙ψβ)α˙, [Q,C] = 0,
[Q,Gjα] = −
√
2λjα, {Q, λjα} = −2i[Gjα, C],
{Q,χαβ} = Nαβ , [Q,Nαβ ] = 2
√
2i [χαβ, C],
{Q, ζjα˙} = P jα˙, [Q,P iα˙] = 2
√
2i [ζ iα˙, C],
[Q,B] =
√
2η, {Q, η } = 2i[B,C].
(6.8)
After some suitable manipulations, the off-shell action which corresponds to the topo-
logical symmetry (6.8) is:
S(1) = 1
e20
∫
d4xTr
{
1
2
∇αα˙B∇α˙αC + 1
4
Pi
α˙
(
P iα˙ + 2
√
2i∇αα˙Giα
)− iψβα˙∇α˙αχαβ
− i
2
ψαα˙∇α˙αη − iζjα˙∇α˙αλjα + 1
4
Nαβ
(
Nαβ + 2iF+αβ + 2i[Gi
α, Giβ]
)
− i√
2
χαβ[χαβ , C]− i√
2
λiα[λiα, B] + i
√
2χαβ [λiα, G
i
β ] +
i√
2
ζiα˙[ζ
iα˙, C]
+
i√
2
η[λi
α, Giα]− i
2
√
2
η[η, C] +
i√
2
ψαα˙[ψ
α˙α, B] + i
√
2ψαα˙[ζ
iα˙, Giα]
−1
2
[B,C]2 − [B,Giα][C,Giα]
}
− 2πiτ0 1
32π2
∫
d4xTr
{ ∗FmnFmn }.
(6.9)
The τ0-independent part of the topological action above is, as it could be expected, BRST-
exact, that is, it can be written as {Q,Ψ }. The appropriate gauge fermion is easily seen
to be:
Ψ =
1
e20
∫
d4xTr
{ 1
4
ζi
α˙
(
P iα˙ + 2
√
2i∇αα˙Giα
)
+
1
4
χαβ
(
Nαβ + 2iF+αβ + 2i[Gi
α, Giβ]
) }
− 1
e20
∫
d4xTr
{ i
2
√
2
B
(∇αα˙ψα˙α −√2 [Giα, λiα] ) }
− 1
e20
∫
d4xTr
{ i
4
B[η, C]
}
.
(6.10)
The next step will consist of the coupling the theory to an arbitrary background metric
gµν of Euclidean signature. To achieve this goal we make use of the covariantized version
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of the topological symmetry (6.8) (which is trivial to obtain), and of the gauge fermion
Ψ, and then define the topological action to be S(1)c = {Q,Ψ }cov − 2πikτ0. The resulting
action is:
S(1)c =
1
e20
∫
X
d4x
√
gTr
{
1
2
Dαα˙BDα˙αC + 1
4
Pi
α˙
(
P iα˙ + 2
√
2iDαα˙Giα
)− iψβα˙Dα˙αχαβ
− i
2
ψαα˙Dα˙αη − iζjα˙Dα˙αλjα + 1
4
Nαβ
(
Nαβ + 2iF+αβ + 2i[Gi
α, Giβ]
)
− i√
2
χαβ [χαβ , C]− i√
2
λiα[λiα, B] + i
√
2χαβ [λiα, G
i
β] +
i√
2
ζiα˙[ζ
iα˙, C]
+
i√
2
η[λi
α, Giα]− i
2
√
2
η[η, C] +
i√
2
ψαα˙[ψ
α˙α, B] + i
√
2ψαα˙[ζ
iα˙, Giα]
− 1
2
[B,C]2 − [B,Giα][C,Giα]
}
− 2πiτ0 1
32π2
∫
X
d4xTr
{ ∗FµνF µν }.
(6.11)
Eqs. (6.8) and (6.11) summarize what we could say was the “standard” formulation
of the second twist as discussed by Yamron [114]. However, we think there are several
subtleties that demand clarification. Since the twisted theory contains several spinor fields
taking values in the fundamental representation of the internal SU(2)F symmetry group,
and these fields are necessarily complex, as they live in complex representations of the
rotation group and of the isospin group, it can be seen that the action (6.11) is not real.
Moreover, there are more fields in the twisted theory than in the physical theory. To see
this, pick for example the scalar fields φuv in the physical N = 4 theory. They are 6
real fields that after the twisting become the scalar fields B and C (which can be safely
taken to be real, thus making a total of 2 real fields) and the isospin doublet bosonic
spinor field Giα, which is necessarily complex and thus is built out of 2× 2 × 2 = 8 real
fields. Thus we see that 6 real fields in the N = 4 theory give rise to 10 real fields in the
twisted theory. With the anticommuting fields this overcounting is even worse. In what
follows we will break SU(2)F explicitly and rearrange the resulting fields wisely so as to
avoid these problems. The outcome of this reformulation is that we will make contact
with the non-Abelian monopole theory formulated in [63][64][65] (see [74] for a review).
As an aside we would like to comment on the reality conditions we have been forced to
impose in this and the previous twist. It is well known that a similar problem arises in
Donaldson-Witten theory. We are aware that it would be desirable to have at our disposal
a systematic way of handling these issues. However, at present there is no such unified
scheme – but see [15] for a concrete proposal in this direction. The best way to proceed in
our opinion, is to consider the theory from the viewpoint of the Mathai-Quillen approach
(whenever this is possible), where the geometrical content of the theory as well as the role
played by each field are explicit.
We start with the fields Giα, which we rearrange in a complex commuting two-
90 Adjoint non-Abelian monopoles
component Weyl spinor Mα ≡ G2α and its complex conjugate Mα ≡ G1α. The constraint
G1
α = (G2α)
∗ looks rather natural when considered from the viewpoint of the physical
N = 4 theory, in terms of which – recall eqn. (3.6) and (6.4) –
G1α =
(
φ13
φ23
)
=
(
B†2
−B†1
)
, G2α =
(
φ14
φ24
)
=
(−B1
−B2
)
. (6.12)
Similarly, for the other isodoublets in the theory we make the rearrangements:
λ1α = µ¯α, ζ1α˙ = ν¯α˙,
λ2α = µα, ζ2α = να˙,
P1α˙ = h¯α˙, P2α˙ = hα˙. (6.13)
Finally, after redefining ψ → −iψ, C → φ, B → λ and Nαβ → Hαβ (A and η remain the
same), the action (6.11) becomes:
S(1)c =
1
e20
∫
X
d4x
√
gTr
{ 1
2
Dαα˙φDα˙αλ+ 1
4
h¯α˙
(
hα˙ + 2
√
2iDαα˙Mα
)
− 1
4
hα˙
(
h¯α˙ + 2
√
2iDαα˙Mα
)− ψβα˙Dα˙αχαβ − 1
2
ψαα˙Dα˙αη
− iνα˙Dα˙αµ¯α + iν¯α˙Dα˙αµα + 1
4
Hαβ
(
Hαβ + 2iF+αβ + 4i[M
(α
,Mβ)]
)
− i√
2
χαβ [χαβ , φ] + i
√
2 µ¯α[µα, λ]
+ i
√
2χαβ [µ¯α,Mβ]− i
√
2χαβ[µα,Mβ] + i
√
2 ν¯α˙[ν
α˙, φ]
− i√
2
η[µ¯α,M
α] +
i√
2
η[µα,M
α
]− i
2
√
2
η[η, φ]− i√
2
ψαα˙[ψ
α˙α, λ]
+
√
2ψαα˙[ν
α˙,Mα]−
√
2ψαα˙[ν¯
α˙,Mα]− 1
2
[φ, λ]2
− [λ,Mα][φ,Mα] + [λ,Mα][φ,Mα]
}− 2πiτ0 1
32π2
∫
X
d4xTr
√
g
{ ∗FµνF µν }.
(6.14)
Let us now focus on the bosonic part of the action not containing the scalar fields φ
and λ. After integrating out the auxiliary fields, this part reads:∫
X
d4x
√
gTr
{−Dαα˙MαDβα˙Mβ + 1
4
(F+αβ + 2[M (α,Mβ)] )
2
}
. (6.15)
Expanding the squares we obtain the contributions:∫
X
d4x
√
gTr
{−gµνDµMαDνMα − 1
4
RM
α
Mα − 1
2
F+µνF
+µν
+ [M (α,Mβ)][M
(α
,Mβ)]
}
,
(6.16)
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where we discover a non-minimal coupling to the curvature scalarR ofX. In the derivation
of (6.16) we have used the Weitzenbo¨ck formula,
Dαα˙Dα˙β = 1
2
δα
β Dγα˙Dγα˙ + 1
4
δα
β R + F+aβα T
a (6.17)
being R the scalar curvature and T a, a = 1, . . . ,dim(G), the generators of the gauge group
in the appropriate representation.
The corresponding BRST symmetry is readily obtained from (6.8):
[Q,Aαα˙] = 2ψαα˙, {Q,ψαα˙} =
√
2Dαα˙φ,
[Q,F+αβ ] = 2D(αα˙ψβ)α˙, [Q, φ] = 0,
[Q,Mα] = −
√
2µα, {Q, µα} = −2i[Mα, φ],
{Q,χαβ} = Hαβ, [Q,Hαβ] = 2
√
2i [χαβ , φ],
{Q, να˙} = hα˙, [Q, hα˙] = 2
√
2i [να˙, φ],
[Q, λ] =
√
2η, {Q, η } = 2i[λ, φ].
(6.18)
The covariantized gauge fermion (6.10) takes now the form:
Ψ =
1
e20
∫
X
d4x
√
gTr
{ 1
4
ν¯α˙
(
hα˙ + 2
√
2iDαα˙Mα
)− 1
4
να˙
(
h¯α˙ + 2
√
2iDαα˙Mα
)
+
1
4
χαβ
(
Hαβ + 2i(F+αβ + 2[M
(α
,Mβ)])
) }
− 1
e20
∫
X
d4xTr
{ 1
2
√
2
λ
(Dαα˙ψα˙α + i√2 [Mα, µα]− i√2 [µ¯α,Mα] ) }
− 1
e20
∫
X
d4xTr
{ i
4
λ[η, φ]
}
.
(6.19)
The resulting theory is equivalent to the theory of non-Abelian monopoles discussed in
[1][48][63][64][65][74], but with the monopole multiplet in the adjoint representation of the
gauge group. That theory in turn is a generalization of the Abelian monopole equations
proposed in [110].
6.1.1 The massive theory
Let us now deform the N = 4 theory by turning on equal bare masses for two of the chiral
multiplets. The mass terms break preserve two supersymmetries and break the SU(4)I
symmetry group down to SU(2)I ⊗ U(1)B. Of the four gauginos of the N = 4 theory,
two remain massles and transform as a doublet under SU(2)I and carry no U(1)B charge,
while the other two get a mass and transform as a singlet under SU(2)I and are charged
under U(1)B, which is in fact the baryon number symmetry of the N = 2 theory. If we
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now twist SU(2)I with SU(2)L, say, the resulting theory is a non-Abelian monopole theory
with massive monopoles in the adjoint representation of the gauge group. This theory has
a well-defined scalar supersymmetry and is therefore topological for any value of the mass
on any spin four-manifold. This was shown for the N = 2 supersymmetric theory with
one hypermultiplet in the fundamental representation in [1], and it is straightforward
to extend this result to the present situation. In fact, it was shown in [65] (again for
the N = 2, Nf = 1 theory), that the twisted theory is the equivariant extension of the
massless theory with respect to the U(1)B symmetry. Notice that from the viewpoint of
the twisting, the U(1)B is the Cartan subgroup of SU(2)F .
6.2 The Mathai-Quillen approach
As we saw before, the model arising from the second twist is equivalent to the theory
of non-Abelian monopoles with the monopole fields in the adjoint representation of the
gauge group. The relevant basic equations for this model involve the self-dual part of the
gauge connection F+ and a certain complex spinor field M taking values in the adjoint
representation of some compact finite dimensional Lie group G:{
F+αβ + [M (α,Mβ)] = 0,
Dαα˙Mα = 0,
(6.20)
where M is the complex conjugate of M .
6.2.1 The topological framework
The geometrical setting is a certain oriented, closed Riemannian four-manifold X, that
we will also assume to be spin. We will denote the positive and negative chirality spin
bundles by S+ and S− respectively. The field space isM = A×Γ(X,S+⊗adP ), where A
is the space of connections on a principal G-bundle P → X, and the second factor denotes
the space of sections of the product bundle S+ ⊗ adP , that is, positive chirality spinors
taking values in the Lie algebra of the gauge group. The group G of gauge transformations
of the bundle P has an action on the field space which is given locally by:
g∗(A) = i(dg)g−1 + gAg−1,
g∗(M) = gMg−1, (6.21)
where M ∈ Γ(X,S+ ⊗ adP ) and A is the gauge connection. In terms of the covariant
derivative dA = d + i[A, ], the infinitesimal form of the transformations (6.21), with
g = exp(−iφ) and φ ∈ Ω0(X, adP ), takes the form:
δg(φ)A = dAφ,
δg(φ)M = i[M,φ]. (6.22)
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The tangent space to the field space at the point (A,M) is the vector space T(A,M)M =
Ω1(X, adP )⊕Γ(X,S+⊗adP ). On T(A,M)M we can define a gauge-invariant Riemannian
metric given by:
〈(ψ, µ), (θ, ω)〉 =
∫
X
Tr (ψ ∧ ∗θ) + 1
2
∫
X
Tr (µ¯αωα + ω¯
αµα), (6.23)
where ψ, θ ∈ Ω1(X, adP ) and µ, ω ∈ Γ(X,S+ ⊗ adP ).
The basic equations (6.20) are introduced in this framework as sections of the trivial
vector bundle V =M×F , where the fibre is in this case F = Ω2,+(X, adP )⊕Γ(X,S−⊗
adP ). Taking into account the form of the basic equations, the section reads, up to some
harmless normalization factors that we introduce for reasons that will become apparent
soon:
s(A,M) =
(−2(F+αβ + [M (α,Mβ)]), √2Dαα˙Mα ). (6.24)
The section (6.24) can be alternatively seen as a gauge ad-equivariant map from the
principal G-bundleM→M/G to the vector space F , and in this way it descends naturally
to a section s˜ of the associated vector bundleM×GF , whose zero locus gives precisely the
moduli space of the topological theory. It would be desirable to compute the dimension
of this moduli space. The relevant deformation complex (which allows one to compute,
in a general situation, the virtual dimension of the moduli space) is the following:
0−→ Ω0(X, adP ) C−→Ω1(X, adP )⊕ Γ(X,S+ ⊗ adP )
ds−→Ω2,+(X, adP )⊕ Γ(X,S− ⊗ adP ).
(6.25)
The map C : Ω0(X, adP ) −→ TM is given by:
C(φ) = (dAφ, i[M,φ]), φ ∈ Ω0(X, adP ), (6.26)
while the map ds : T(A,M)M−→ F is provided by the linearization of the basic equations
(6.20):
ds(ψ, µ) =
(−4σµναβDµψν − 2[µ¯(α,Mβ)]− 2[M (α, µβ)],√
2Dαα˙µα +
√
2[ψαα˙,M
α]
)
.
(6.27)
Under suitable conditions, the index of the complex (6.25) computes de dimension of
Ker(ds)/Im(C). To calculate the index, the complex (6.25) can be split up into the ASD-
instanton deformation complex:
(1) 0 −→ Ω0(X, adP ) dA−→Ω1(X, adP )p+dA−→Ω2,+(X, adP ) −→ 0, (6.28)
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whose index is p1(adP ) + dim(G)(χ + σ)/2, being p1(adP ) the first Pontryagin class of
the adjoint bundle adP , and the complex associated to the twisted Dirac operator
(2) D : Γ(X,S+ ⊗ adP ) −→ Γ(X,S− ⊗ adP ), (6.29)
whose index is p1(adP )/2−dim(G)σ/8. Thus, the index of the total complex (which gives
minus the virtual dimension of the moduli space) is:
−dim(M) = ind(1)− 2× ind(2) = dim(G)(2χ+ 3σ)
4
(6.30)
where χ is the Euler characteristic of the 4-manifold X and σ is its signature. The factor
of two appears in (6.30) since we want to compute the real dimension of the moduli space.
6.2.2 The topological action
We now proceed as in the previous case. To build a topological theory out of the moduli
problem defined by the equations (6.20) we need the following multiplet of fields. For
the field space M = A × Γ(X,S+ ⊗ adP ) we introduce commuting fields (A,M), both
with ghost number 0, and their corresponding superpartners, the anticommuting fields ψ
and µ, both with ghost number 1. For the fibre F = Ω2,+(X, adP ) ⊕ Γ(X,S− ⊗ adP )
we introduce anticommuting fields χ+ and ν respectively, both with ghost number −1,
and their superpartners, a commuting self-dual two-form H+ and a commuting negative
chirality spinor h, both with ghost number 0 and which appear as auxiliary fields in
the associated field theory. And finally, associated to the gauge symmetry, we have
a commuting scalar field φ ∈ Ω0(X, adP ) with ghost number +2, and a multiplet of
scalar fields λ (commuting and with ghost number −2) and η (anticommuting and with
ghost number −1), both also in Ω0(X, adP ) and which enforce the horizontal projection
M→M/G. The BRST symmetry of the model is given by:
[Q,Aµ] = ψµ, {Q,ψµ} = Dµφ,
[Q,Mα] = µα, {Q, µα } = i [Mα, φ],
[Q, φ] = 0,
{Q,χ+αβ} = H+αβ , [Q,H+αβ] = i [χ+αβ, φ],
{Q, να˙} = hα˙, [Q, hα˙] = i [να˙, φ],
[Q, λ] = η, {Q, η } = i [λ, φ].
(6.31)
This BRST algebra closes up to a gauge transformation generated by φ.
We have to give now the expressions for the different pieces of the gauge fermion. For
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the localization gauge fermion we have:
Ψ loc = i〈(χ+, ν), s(A,M)〉 − 〈(χ+, ν), (H+, h)〉 =∫
X
√
gTr
{ 1
4
χ+αβ
(
H+αβ + 2i(F+αβ + [M
(α
,Mβ)])
)
+
1
2
ν¯α˙
(
hα˙ − i
√
2Dαα˙Mα
)− 1
2
να˙
(
h¯α˙ − i
√
2Dαα˙Mα
) }
,
(6.32)
and for the projection gauge fermion, which enforces the horizontal projection,
Ψproj = 〈λ, C†(ψ, µ)〉g
=
∫
X
√
gTr
{
λ
(−Dµψµ + i
2
[µ¯α,Mα]− i
2
[M
α
, µα]
) }
.
(6.33)
As in the previous case, it is necessary to add an extra piece to the gauge fermion to
make full contact with the corresponding twisted supersymmetric theory. In this case,
this extra term is:
Ψextra = −
∫
X
√
gTr
{ i
2
λ[η, φ]
}
. (6.34)
It is now straightforward to see that, after making the following redefinitions,
A′ = A, M ′ = M, H
′+ = H+,
ψ′ =
1
2
ψ, M
′
=
1
2
M, ν ′ = −2ν,
φ′ =
1
2
√
2
φ, µ′ = − 1√
2
µ, ν¯ ′ = −ν¯,
λ′ = −2
√
2λ, µ¯′ = − 1
2
√
2
µ¯, h′ = 2h,
η′ = −2η, χ′+ = χ+, h¯′ = −h¯,
(6.35)
one recovers, in terms of the primed fields, the twisted model summarized in (6.14) and
(6.18).
96 Adjoint non-Abelian monopoles
6.3 The observables for G = SU(2)
Let us now focus on the twisted theory for gauge group SU(2). As discussed above, the
twisted N = 4 action breaks up into a Q-exact piece plus a topological term proportional
to the instanton number of the gauge configuration,
Stwisted = {Q,Ψ} − 2πikτ0, (6.36)
with k = −ξ2/4 mod ZZ the instanton number of the gauge configuration with ’t Hooft
flux ξ ∈ H2(X,ZZ2) (in this chapter we change our notation to make contact with the
results in [59]; thus, ξ will denote an SO(3) ’t Hooft flux). This is an integer for SU(2)
bundles (which have ξ = 0), but a half-integer for non-trivial SO(3) bundles on spin
four-manifolds. Therefore, as pointed out in [100], one would expect the SU(2) theory
to be invariant under τ0 → τ0 + 1, while the SO(3) theory should be only invariant
under τ0 → τ0 + 2 on spin manifolds. Notice that, owing to (6.36), the partition function
depends on the microscopic couplings e0 and θ0 only through the combination 2πikτ0,
and in particular this dependence is a priori holomorphic (as usual, if we reversed the
orientation of the manifold X, the partition function would depend anti-holomorphically
on τ0).
In the twisting procedure, one couples the twisted action (6.36) to arbitrary gravita-
tional backgrounds, so as to deal with its formulation for a wide variety of manifolds. In
general, the procedure involves the covariantization of the flat-space action, as well as the
addition of curvature terms to render the new action as a Q-exact piece plus a topological
term as in (6.36). Actually, on curved space one might think of additional topological
terms – such as
∫
R ∧ R or ∫ R ∧ ∗R, with R the curvature two-form of the manifold
– besides the one already present in (6.36). Thus, the action which comes out of the
twisting procedure is not unique (even modulo Q-exact terms), since it is always possible
to add c-number terms, which vanish on flat space but are nevertheless topological. In
a topological field theory in four dimensions, those terms are proportional to the Euler
number χ and the signature σ of the manifold X. In order to keep the holomorphicity
in τ0, the proportionality constants must be functions of τ0. At this stage one does not
know which particular functions to take, but clearly good transformation properties under
duality could be spoiled if one does not make the right choice. It seems therefore that
there exists a preferred choice of those terms, which is compatible with duality. This issue
was treated in detail in [100], where it was shown that a c-number of the form −iπτ0χ/6
was needed in the topological action in order to have a theory with good transformation
properties under duality. In the case at hand, this c-number has the form −iπτ0(χ+σ)/2
if 2χ+ 3σ = 0 mod 32, and iπτ0(2χ+ 3σ)/8 otherwise. This will be shown in subsection
6.4.4 below.
Topological invariants are obtained by considering the vacuum expectation value of
arbitrary products of observables, which are operators that are Q-invariant but not Q-
exact. As discussed in [56][64], the relevant observables for this theory and gauge group
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SU(2) or SO(3), are precisely the same as in the Donaldson-Witten theory [104]:
W0 =
1
8π2
Tr(φ2), W1 =
1
4π2
Tr(φψ),
W2 =
1
8π2
Tr(2φF + ψ ∧ ψ), W3 = 1
4π2
Tr(ψ ∧ F ).
(6.37)
The operators Wi have positive ghost numbers given by 4 − i and satisfy the descent
equations
[Q,Wi} = dWi−1, (6.38)
which imply that
O(γj) =
∫
γj
Wj, (6.39)
γj being homology cycles of X, are observables.
The vacuum expectation value of an arbitrary product of observables has the general
form (modulo a term which involves the exponential of a linear combination of χ and σ),〈∏
γj
O(γj)
〉
=
∑
k
〈∏
γj
O(γj)
〉
k
e−2πikτ0, (6.40)
where k is the instanton number and 〈∏γj O(γj)〉k is the vacuum expectation value com-
puted at a fixed value of k. These quantities are independent of the coupling constant e0.
When analysed in the weak coupling limit, the contributions to the functional integral
come from field configurations which are solutions to eqs. (6.20). All the dependence of
the observables on τ0 is contained in the phases exp(−2πikτ0) in (6.40). The question
therefore arises as to whether the vacuum expectation values of these observables have
good modular properties under SL(2,ZZ) transformations acting on τ0. Below it will be
shown that this is indeed the case, at least for spin four-manifolds of simple type (al-
though one could easily extend the arguments presented here to all simply-connected spin
manifolds with b+2 > 1).
The ghost-number anomaly of the theory restricts the possible non-trivial topologi-
cal invariants to be those for which the overall ghost number of the operator insertions
matches the anomaly −(3/4)(2χ + 3σ). Notice that since any arbitrary product of ob-
servables has necessarily positive ghost number, there will be no non-trivial topological
invariant for those manifolds for which 2χ+ 3σ is strictly positive. On the other hand, if
2χ+ 3σ < 0, there is only a finite number – if any – of non-trivial topological invariants.
Finally, when 2χ + 3σ = 0, as is the case for K3, for example, the only non-trivial topo-
logical invariant is the partition function. Moreover, as the physical and twisted theories
are actually the same on hyper-Ka¨hler manifolds as K3, this partition function should
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coincide with the one computed by Vafa and Witten for another twist of the N = 4
supersymmetric theory in [100]. Below we will show that this is indeed the case. Notice
that this assertion does not apply to the twist first considered by Marcus, as it actually
involves two independent twists, one on each of the SU(2) factors of the holonomy group
of the manifold [56][114]. The selection rule on the topological invariants that we have
just discussed does not apply of course to the massive theory, as the mass terms explicitly
break the ghost number symmetry. However, when the mass is turned on the partition
function remaims invariant (one would expect on general grounds a dependence of the
form Z ∼ ms, where s is some number, but since the partition function is dimensionless,
and there is no other dimensionful parameter in the theory, the only possibility is s = 0),
but the observables do get an explicit dependence onm which can be fixed on dimensional
grounds. Indeed, the operators W0 and W2 in (6.37), which will be the only ones that
we will consider, have mass dimensions 2 and 1 respectively (notice that these coincide
with half the ghost number of each operator), so for a vev 〈O(1) · · ·O(r)〉 involving these
operators we expect a mass dependence of the form
〈O(1) · · ·O(r)〉 ∝ m
∑r
n=1 gn/2. (6.41)
6.4 Integrating over the u-plane
The functional-integral (or microscopic) approach to twisted supersymmetric quantum
field theories gives great insight into their geometric structure, but it is not useful to
make explicit calculations. Once the relevant set of field configurations (moduli space)
on which the functional-integral is supported has been identified, the computation of the
partition function or, more generally, of the topological correlation functions, is reduced
to a finite-dimensional integration over the quantum fluctuations (zero modes) tangent
to the moduli space. For this to produce sensible topological information, it is necessary
to give a suitable prescription for the integration, and a convenient compactification of
the moduli space is usually needed as well. This requires an extra input of information
which, in most of the cases is at the heart of the subtle topological information expected
to capture with the invariants themselves.
The strategy to circumvent these problems and extract concrete predictions rests in
taking advantage of the crucial fact that, by construction, the generating functional for
topological correlation functions in a topological quantum field theory is independent
of the metric on the manifold, at least for b+2 > 1. This implies that, in principle,
these correlation functions can be computed in either the ultraviolet (short-distance) or
infrared (long-distance) limits. The naive functional-integral approach focuses on the
short-distance regime, while long-distance computations require a precise knowledge of
the vacuum structure and low-energy dynamics of the physical theory.
Following this line of reasoning, it was proposed by Witten in [110] that the explicit
solution for the low-energy effective descriptions for a family of four-dimensional N = 2
supersymmetric field theories presented in [92][93] could be used to perform an alternative
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long-distance computation of the topological correlators which relies completely on the
properties of the physical theory. This idea is at the heart of the successful reformulation
of the Donaldson invariants, for a certain subset of four-manifolds, in terms of the by now
well-known Seiberg-Witten invariants, which are essentially the partition functions of the
twisted effective Abelian theories at the singular points on the moduli space of vacua
of the physical, N = 2 supersymmetric theories. The same idea has been subsequently
applied to some other theories [52][64][70][75][84], thereby providing a whole set of pre-
dictions which should be tested against explicit mathematical results. The moral of these
computations is that the duality structure of extended supersymmetric theories automat-
ically incorporates, in an as yet not fully understood way, a consistent compactification
scheme for the moduli space of their twisted counterparts.
The standard computation of this sort involves an integration over the moduli space
of vacua (the u-plane) of the physical theory. The reason why one has to integrate over all
the vacua of the physical theory rather than just consider the contribution from a given
vacuum has to do with the compacteness of the spacetime manifold [23]. Indeed, on a
non-compact manifold the constant values φ0 of the scalar fields which define the vacuum
state of the theory are not normalizable, so one does not integrate over them in the
path integral. But if we consider the same theory on a compact manifold, these constant
modes become normalizable (that is, they are true zero modes) and one has to integrate
over them in the path integral. Alternatively, on a compact manifold there is tunneling
between different vacua, so there is really no point in considering the contribution from a
single vacuum. We thus have to consider the theory for all vacua. At a generic vacuum,
the only contribution comes from a twisted N = 2 Abelian vector multiplet. The effect
of the massive modes is contained in appropriate measure factors, which also incorporate
the coupling to gravity – these measure factors were derived in [111] by demanding that
they reproduce the gravitational anomalies of the massive fields –, and in contact terms
among the observables – the contact term for the two-observable for the SU(2) theory
was derived in [84] and was subsequently extended to more general observables and other
gauge groups in [70][75][76].
The total contribution to the generating function thus consists of an integration over
the moduli space with the singularities removed – which is non-vanishing for b+2 (X) = 1
[84] only – plus a discrete sum over the contributions of the twisted effective theories
at each of the singularities. The effective theory at a given singularity should contain,
together with the appropriate dual photon multiplet, several charged hypermultiplets,
which correspond to the states becoming massless at the singularity. The complete effec-
tive action for these massless states contains as well certain measure factors and contact
terms among the observables, which reproduce the effect of the massive states which have
been integrated out. However, it is not possible to fix these a priori unknown functions by
anomaly considerations only. As first proposed in [84] – see [75][76][77] for more details
and further extensions –, the alternative strategy takes advantage of the wall-crossing
properties of the u-plane integral. It is a well-known fact that Donaldson theory fails to
produce topological invariants on four-manifolds with b+2 = 1. The field theory explana-
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tion of this failure is as follows. On manifolds X with b+2 = 1 the Donaldson invariants are
given by the sum of the contributions from the singularities at u = ±Λ2 of the N = 2 SYM
theory plus the u-plane integral. Consider a one-parameter family of metrics gθ = e
θg,
where g is a reference metric on X, and let ωθ be the corresponding period point (which
gives a basis for H2,+(X)) normalized as ω2θ = 1. It was shown in [84] that at those points
on the u-plane where the (imaginary part of the) effective coupling diverges, the integral
has a discontinuous variation at those values of θ where, for a fixed gauge configuration
λ ∈ H2(X;ZZ), the period ωθ · λ changes sign. This is commonly referred to as “wall
crossing” (with λ defining a wall on the Ka¨hler cone.) This discontinuous variation of
the integral as we change θ is precisely the proper physical explanation of the lack of
topological invariance of the correlation functions of the twisted theories on manifolds
with b+2 = 1. The points where wall crossing can take place are the singularities of the
moduli space due to charged matter multiplets becoming massless – the appropriate local
effective coupling τ diverges there – and, in the case of the asymptotically free theories,
the point at infinity, u → ∞, where also the effective electric coupling diverges owing to
asymptotic freedom.
On the other hand, the final expression for the invariants can exhibit a wall-crossing
behaviour at most at u → ∞, so the contribution to wall crossing from the integral at
the singularities at finite values of u must cancel against the contributions coming from
the effective theories there, which also display wall-crossing discontinuities. As shown in
[84], this cancellation fixes almost completely the unknown functions in the contributions
to the topological correlation functions from the singularities.
6.4.1 The integral for N = 4 supersymmetry
The complete expression for the u-plane integral for the gauge group SU(2) and Nf ≤ 4
was worked out in [84]. The appropriate general formulas for the contact terms can be
found in [70][75][76]. These formulas follow the conventions in [93], according to which,
for Nf = 0, the u-plane is the modular curve of Γ
0(4). In this formalism, the monodromy
associated to a single matter multiplet becoming massless is conjugated to T . As for
the N = 4 supersymmetric theory, it is more convenient to use instead a formalism
related to Γ(2), in which the basic monodromies are conjugated to T 2. Our formulas
follow straightforwardly from those in [75][84], with some minor changes to conform to
our conventions.
The integral in the N = 4 supersymmetric case, for gauge groups SU(2) or SO(3)
and on simply-connected four-manifolds, and for ’t Hooft flux ξ, is given by the formula:
〈
epO+I(S)
〉
ξ
∣∣∣∣
u-plane
= Zu(p, S,m, τ0) =
2
i
∫
C
dzdz¯
y1/2
µ(τ)e2pz+S
2T̂ (z)Ψ, (6.42)
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where y = Im τ . The expression (6.42) gives the generating function for the vacuum
expectation values of two of the observables in (6.39):
O = 1
8π2
Tr(φ2),
I(S) =
∫
S
1
8π2
Tr(2φF + ψ ∧ ψ).
(6.43)
Here, S is a two-cycle on X given by the formal sum S =
∑
a αaSa, where {Sa}, a =
1, . . . , b2(X) are two-cycles representing a basis of H2(X), and S
2 ≡∑a,b αaαb♯(Sa ∩Sb),
where ♯(Sa∩Sb) is the intersection number of Sa and Sb. Notice that since we are restricting
ourselves to simply-connected four-manifolds, there is no non-trivial contribution from the
one- and three-observables W1 and W3 in (6.39). The generalization to the non-simply-
connected case was outlined in [84], and it has been recently put on a more rigorous basis
in [77].
The measure factor µ(τ) is given by the expression:
µ(τ) = f(m,χ, σ, τ0)
dτ¯
dz¯
(
da
dz
)1− 1
2
χ
∆σ/8, (6.44)
where ∆ is the square root of the discriminant of the Seiberg-Witten curve (3.10):
∆ = η(τ0)
12(z − z1)(z − z2)(z − z3) = η(τ)
12
23(da/dz)6
= − η(τD)
12
23(daD/dz)6
=
η(τd)
12
23(d(aD − a)/dz)6 ,
(6.45)
where η(τ) is the Dedekind function and f(m,χ, σ, τ0) is a universal normalization factor
which cannot be fixed a priori. It can be fixed in the Nf = 0 case by comparing with
known results for the Donaldson invariants [84], but a first-principles derivation from the
microscopic theory in the general case is still lacking – see however [79][111], where some
steps in this direction have already been taken.
In eq. (6.42) T̂ (z) is the monodromy-invariant combination:
T̂ (z) = T (z) +
(dz/da)2
4πIm τ
, (6.46)
where the contact term T (z) is given by the general formula [75][76]:
T (z) =
4
πi
∂2F
∂τ 20
. (6.47)
Here F is the prepotential governing the low-energy dynamics of the theory. For the
asymptotically free theories, τ0 is defined in terms of the dynamically generated scale ΛNf
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of the theory by [75]: (ΛNf )
4−Nf = eiπτ0 , while for the finite theories Nf = 4 and N = 4
it corresponds to the microscopic coupling. For the N = 4 theory one gets from (6.47)
[75] – see also [80] for further details and extensions:
T (z) = − 1
12
E2(τ)
(
dz
da
)2
+ E2(τ0)
z
6
+
m2
72
E4(τ0), (6.48)
where E2 and E4 are the Eisenstein functions of weight 2 and 4, respectively – see the
appendix to this chapter for further details.
Under a monodromy transformation acting on τ (holding τ0 fixed), τ → (aτ +
b)/(cτ + d), the contact term (6.47) transforms into itself plus a shift: T (z) → T (z) +
i
2π
c
cτ+d
(dz/da)2. Under a microscopic duality transformation τ0 → (aτ0 + b)/(cτ0 + d),
the situation is slightly more involved. As these duality transformations interchange the
singularities, they induce a non-trivial monodromy transformation τ → (âτ + b̂)/(ĉτ + d̂)
on the effective low-energy theory [32]. Under these combined duality transformations
one has, for example, z → (cτ0 + d)2z, (dz/da)→ (cτ0+d)2ĉτ+d̂ (dz/da), so that [80]:
T (z)→ (cτ0 + d)4
(
T (z) +
i
2π
ĉ
ĉτ + d̂
(dz/da)2
)
− i
π
(cτ0 + d)
3cz (6.49)
The factor Ψ in (6.42) is essentially the photon partition function, but it contains, apart
from the sum over the Abelian line bundles of the effective low-energy theory, certain
additional terms which carry information about the 2-observable insertions. In the electric
frame it takes the form:
Ψ = exp
(
− 1
4πy
(
dz
da
)2
S2−
) ∑
λ∈Γ
[
λ · ω + i
4πy
dz
da
S · ω
]
exp
[
−2iπτ (λ+)2 − 2iπτ(λ−)2 − 2idz
da
S · λ−
]
,
(6.50)
where the lattice Γ is H2(X,ZZ) shifted by a half-integral class 1
2
ξ = 1
2
w2(E) representing
a ’t Hooft flux for the SO(3) theory, that is, λ ∈ H2(X,ZZ) + 1
2
w2(E). As explained in
detail in [111], this shift takes into account the fact that in the SO(3) theory, while the
rank-3 SO(3) bundle E (which at a generic vacuum is broken down to E = (L⊕L−1)⊗2 =
L2 ⊕O ⊕ L−2, O being a trivial bundle) is always globally defined – and therefore L2 is
represented by an integral class c1(L
2) = 2λ ∈ 2H2(X,ZZ) +w2(E) –, it is not necessarily
true that the corresponding SU(2) bundle F (which we can somewhat loosely represent
at low energies by F = L ⊕ L−1) exists, the obstruction being precisely w2(E): the line
bundle L is represented by a class c1(L) = λ ∈ H2(X,ZZ) + 12w2(E), which is not integral
unless w2(E) = 0 (mod 2). If w2(E) = 0 mod 2, the SO(3) bundle can be lifted to an
SU(2) bundle and one has F ⊗ F = E ⊕ O, where now F is a globally defined rank-2
SU(2) bundle.
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For a given metric in X, ω in (6.50) is the unique – up to sign – self-dual two-form
satisfying – see for example [75][84]: ω · ω = 1 (recall that, as explained in [84], the
integral vanishes unless b+2 = 1 due to fermion zero modes and topological invariance).
Here · denotes the intersection pairing on X, ω · λ = ∫
X
ω ∧ λ . Thanks to its properties,
ω acts as a projector onto the self-dual and antiself-dual subspaces of the two-dimensional
cohomology of X: λ+ = (λ · ω)ω, λ− = λ− λ+.
From the above formulas it can be readily checked, along the lines explained in detail
in [75][76][84], that the integral (6.42) is well defined and, in particular, is invariant under
the monodromy group of the low-energy theory (for example, this can be seen almost
immediately for the semiclassical monodromy, which at large z ≃ u takes z → e2πiz and
a→ −a, aD → −aD, while leaving τ ≃ τ0 unchanged.
6.4.2 Wall crossing at the singular points
At each of the three singularities, the corresponding local effective coupling diverges:
yj = Im τj → +∞, qj → 0. The first step to analyse the behaviour of the integral around
the singular points is to make a duality transformation (in τ) to rewrite the integrand
in terms of the appropriate variables: τ → −1/τ near the monopole point, etc. Due
to the divergence of Im τj , one finds a discontinuity in Zu when λ · ω changes sign. We
begin by considering the behaviour near the semiclassical singularity at z1. As the BPS
state responsible for the singularity is electrically charged, it is not necessary to perform a
duality transformation in this case: the theory is weakly coupled in terms of the original
effective coupling τ . Let us consider the integral (6.42). Fix λ and define ℓ(q) as follows:
ℓ(q) = f(m,χ, σ, τ0)
dz
dτ
(
da
dz
)1− 1
2
χ
∆σ/8e2pz+S
2T (z)−2i(dz/da)S·λ =
∑
r
c(r)qr. (6.51)
Pick the nth term in the above expansion. The piece of the integral relevant to wall
crossing is [84]:∫ ∞
ymin
dy
y1/2
∫ + 1
2
− 1
2
dxc(n)e2πixn−2πyne−2πix(λ
2
++λ
2
−)e−2πy(λ
2
+−λ2−)λ+. (6.52)
The integration over x ≡ Re τ imposes n = λ2; the remaining y integral can be easily
evaluated with the result:
∫ ∞
0
dy
y1/2
c(λ2)e−4πyλ
2
+λ+ =
|λ+|
λ+
c(λ2)
2
(6.53)
(we have set ymin = 0, as the discontinuity comes from the y → ∞ part of the integral).
The result of the integral (6.53) is discontinuous as λ+ = ω · λ→ 0:
Zu
∣∣
λ+→0+ − Zu
∣∣
λ+→0− = c(λ
2) =
[
q−λ
2
ℓ(q)
]
q0
= Res q=0
[
q−λ
2−1ℓ(q)
]
. (6.54)
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Therefore, the wall-crossing discontinuity of Zu at z1 is:
∆Zu
∣∣
z=z1
= f(m,χ, σ, τ0)
[
q−λ
2 dz
dτ
(
da
dz
)1− 1
2
χ
∆σ/8e2pz+S
2T (z)−2i(dz/da)S·λ
]
q0
=
Res q=0f(m,χ, σ, τ0)
[
dq
q
q−λ
2 dz
dτ
(
da
dz
)1− 1
2
χ
∆σ/8e2pz+S
2T (z)−2i(dz/da)S·λ
]
(6.55)
We have now to evaluate the wall-crossing discontinuities at the other two singularities.
At the monopole point (z = z2), we have to perform a duality transformation to express
the integral in terms of τD = −1/τ , which is the appropriate variable there. This duality
transformation involves a Poisson resummation in (6.50), which exchanges the electric
class λ ∈ H2(X,ZZ) + 1
2
w2(E) with the magnetic class λ
∗ ∈ H2(X,ZZ)1, and inverts the
coupling constant τ . The details are not terribly important, so we just give the final result
for the integral:
Zu = f(m,χ, σ, τ0)2
− b2
2
∫
dxDdyD
yD1/2
dz
dτD
(
daD
dz
)1− 1
2
χ
∆σ/8e
2pz+S2T̂D− 14piyD
(
dz
daD
)2
S2−
∑
λ∗
(
λ∗ · ω
2
+
i
4πyD
dz
daD
S · ω
)
(−1)λ∗·ξe− 12 iπτD(λ∗+)2− 12 iπτD(λ∗−)2−i dzdaD S·λ∗−,
(6.56)
where now
T̂D(z) = − 1
12
E2(τD)
(
dz
daD
)2
+ E2(τ0)
z
6
+
m2
72
E4(τ0) +
(dz/daD)
2
4πIm τD
. (6.57)
The functions ∆ and z are exactly the same as before, but expressed in terms of τD. The
crucial point here is that the modular weight of the lattice sum cancels against that of
the measure.
From (6.56) we can easily derive the wall-crossing discontinuity at z2 along the lines
explained above – see eqs. (6.51)–(6.55). The final result differs from (6.55) in several
extra numerical factors:
∆Zu
∣∣
z=z2
= f(m,χ, σ, τ0)2
−b2/2(−1)λ∗·ξ
Res qD=0
(
dqD
qD
q
−(λ∗)2/4
D
dz
dτD
(
daD
dz
)1−χ
2
∆σ/8e
2pz+S2TD−i dzdaD S·λ
∗
)
.
(6.58)
1Notice that, as the manifold X is spin, the magnetic class is an integral class, not a Spinc structure
as in [110].
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The corresponding expression at the dyon point z3, is exactly the same as (6.58) (with
qd instead of qD) but with an extra relative phase i
−ξ2 [84][109][110], which follows from
doing the duality transformation τ → τd = −1/(τ − 1) in the lattice sum (6.50).
6.4.3 Contributions from the singularities
At each of the singularities, the complete effective theory contains a dual Abelian vector
multiplet2 (weakly) coupled to a massless charged hypermultiplet representing the BPS
configuration responsible for the singularity. This effective theory can be twisted in the
standard way, and the resulting topological theory is the celebrated Witten’s Abelian
monopole theory. Its moduli space is defined by the Abelianized version of eqs. (6.20).
On spin four-manifolds, and for a given gauge configuration λ˜ ∈ H2(X,ZZ), the virtual
dimension of the moduli space can be seen to be
dimλ˜ = −
(2χ + 3σ)
4
+ (λ˜)2. (6.59)
A class λ˜ for which dimλ˜ = 0 is called a basic class. If we define x = −2λ˜, we see from
(6.59) that for a basic class x · x = 2χ + 3σ. As dimx = 0, the moduli space consists
(generically) of a (finite) collection of isolated points. The partition function of the theory
evaluated at each basic class gives the Seiberg-Witten invariant nx. The complete partition
function will therefore be a (finite) sum over the different basic classes: Zsingularity ∼
∑
x nx.
If, on the other hand, the dimension of the moduli space of Abelian monopoles is strictly
positive, one has to insert observables to obtain a non-trivial result. This leads to the
definition of the generalized Seiberg-Witten invariants [84][96]: if dimλ˜ = 2n (otherwise
the invariant is automatically set to zero),
SWn(λ˜) =
〈
(φ˜)n
〉
λ˜
, (6.60)
where φ˜ is the (twisted) scalar field in the Abelian N = 2 vector multiplet. For a four-
manifold X with b+2 > 1, the u-plane integral vanishes and the only contributions to
the topological correlation functions come from the effective theories at the singularities.
Those manifolds with b+2 > 1 for which the only non-trivial contributions come from the
zero-dimensional Abelian monopole moduli spaces are called of simple type. No four-
manifold with b+2 > 1 is known which is not of simple type. We will restrict ourselves
to manifolds of simple type. The generalization to positive-dimensional monopole moduli
spaces should be straightforward from the explicit formulas in [84] and our own results.
The general form of the contribution to the generating function
〈
epO+I(S)
〉
ξ
from the
twisted Abelian monopole theory at a given singularity was presented in [84]. It contains
2This is so for the monopole and dyon singularities; at the semiclassical singularity, the distinguished
vector multiplet is the original electric one.
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certain effective gravitational couplings as well as contact terms among the observables.
We just adapt here eq. (7.12) of [84]:
〈
epO+I(S)
〉
λ˜j ,zj ,ξ
= SWn(λ˜) Res aj=0
{
daj
(aj)
1+λ˜2j/2−(2χ+3σ)/8
(−1)λ˜j ·ξ
e
2pz−i dz
daj
λ˜j ·S+S2Tj(z)
Cj(z)
−λ˜2jPj(z)σ/8Lj(z)χ/4
}
.
(6.61)
In (6.61), aj is the distinguished (dual) coordinate at the singularity: a−a(z1) ≃ a−m/
√
2
at the semiclassical singularity, aD − aD(z2) at the monopole point, and (a− aD)− (a−
aD)(z3) at the dyon point. Cj, Pj , Lj are a priori unknown functions, which can be
determined by wall crossing as follows [84]. For b+2 = 1 and fixed λ˜j , (6.61) exhibits a
wall-crossing behaviour when ω · λ˜j changes sign. At such points, the only discontinuity
comes from SWn(λ˜), which jumps by ±1. Therefore, the discontinuity in (6.61) is:
∆
〈
epO+I(S)
〉
λ˜j ,zj ,ξ
= ±Res aj=0
{
daj
(aj)
λ˜2j/2−σ/8
(−1)λ˜j ·ξ
e
2pz−i dz
daj
λ˜j ·S+S2Tj(z)
Cj(z)
−λ˜2jPj(z)σ/8Lj(z)1−σ/4
}
.
(6.62)
(We have set χ + σ = 4, which is equivalent to b+2 = 1 for b0(X) = 1, b1(X) = 0.) The
crucial point now is that the complete expression for the generating function cannot have
wall-crossing discontinuities at finite values of z. This is not difficult to understand if
one realizes that nothing physically (or mathematically) special occurs at the singular
points: when expressed in terms of the appropriate variables, and once all the relevant
degrees of freedom are taken into account, the low-energy effective description is perfectly
smooth there. The conclusion is therefore that the discontinuity in the u-plane integral
has to cancel against the discontinuity in the contribution from the effective theory at
the singularity. As shown in [84], this suffices to fix the unknown functions Cj, Pj , Lj in
(6.61).
At a generic vacuum, the SU(2) – or, more generally, the SO(3) – rank-3 bundle E
is broken down to E = L2 ⊗ O ⊗ L−2 by the Higgs mechanism, where O is the trivial
line bundle (where the neutral N = 4 multiplet lives), while L±2 are globally defined line
bundles where the charged massive W± N = 4 multiplets live. With our conventions,
c1(L
2) = 2c1(L) = 2λ ∈ 2H2(X,ZZ) + w2(E), which is indeed an integral class. The
“monopole” becoming massless at the semiclassical singularity is just one of the original
electrically charged (massive) quarks, which sits in an N = 4 Abelian multiplet together
with the N = 2 vector multiplet of one of the massive W bosons. The corresponding
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basic classes are therefore of the form:
x = −2λ˜1 = −2c1(L2) = −4λ ∈ 4H2(X,ZZ) + 2w2(E), (6.63)
which are even classes since the manifold X is spin3. Notice that, because of (6.63), not
all the basic classes of X will contribute to the computation at z1. Rather, only those
basic classes x satisfying
x
2
+ w2(E) = 0 (mod 2)⇔
[x
2
]
= w2(E), (6.64)
with
[
x
2
]
the mod 2 reduction of x
2
, can give a non-zero contribution.
Taking this into account, we can rewrite (6.62) at z1 as follows:
∆
〈
epO+I(S)
〉
2λ,z1,ξ
= ± 1
πi
Res q=0
{
dq
q
(a1)
−2λ2+σ/8da
dz
dz
dτ
e2pz−2i
dz
da
λ·S+S2T1(z)C1(z)−4λ
2
P1(z)
σ/8L1(z)
1−σ/4
}
(6.65)
(notice that the phase (−1)λ˜·ξ does not appear here), where we have used
Res a=0 [daF (a)] = 2Res q=0 [dq(da/dq)F (a)] , (6.66)
and we have taken into account that, near z = z1, a1 = a − a(z1) = a0q1/2 + · · · . By
comparing (6.65) with the wall-crossing formula for the integral at z1, (6.55), we can
determine the unknown functions in (6.61). We find, for example,
T1 = T, L1 =
(
dz
da
)2
,
(C1)
4 =
a1
2
q
, P1 =
∆
a1
.
(6.67)
Putting everything together, the final form for the contribution to the generating
function at z1 is given by the following formula:〈
epO+I(S)
〉
λ,z1,ξ
= SWn(λ˜) 2πif(m,χ, σ, τ0)
Res q=0
[
dqq−λ
2 dz
dq
(
da
dz
)1− 1
2
χ
a1
χ+σ
4
−1∆σ/8e2pz+S
2T (z)−2i(dz/da)S·λ
]
.
(6.68)
3If the manifold is not spin, the basic classes are shifted from being even classes by the second Stiefel-
Whitney class of the manifold, w2(X) [110].
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We can now specialize to the simple-type case, for which 4λ2 = (2χ+ 3σ)/4. We use the
following series expansions around z1:
z = z1 + κ1q
1
2 + · · · ,
a1 = (da/dz)1(z − z1) + · · · = (da/dz)1κ1q 12 + · · · ,
da/dz = (da/dz)1 + · · · ,
∆ =
η(τ)12
23(da/dz)6
= 2−3(dz/da)16q
1
2 + · · · .
(6.69)
The final formula is the following:〈
epO+I(S)
〉
x,z1,ξ
= 2−
3σ
8 πif(m,χ, σ, τ0)
(κ1)
ν
(
da
dz
)−(ν+σ/4)
1
e2pz1+S
2T (z1) δ[x2 ],ξ
nx e
1
2
i(dz/da)1S·x,
(6.70)
where ν = (χ + σ)/4. The delta function δ[x2 ],ξ
in (6.70) enforces the constraint (6.64),
and T (z1) is given by:
T (z1) = − 1
12
(dz/da)1
2 + E2(τ0)
z1
6
+
m2
72
E4(τ0). (6.71)
The corresponding expressions at the monopole and dyon singularities can be determined
along the same lines. One has to take into account the relative factors in each case, and
the fact that, at these singularities, the basic classes are given by x = −2λ˜ = −2λ∗, where
λ∗ is the appropriate dual class. One finds in this way, for the monopole singularity at
z2, the following expression:〈
epO+I(S)
〉
x,z2,ξ
= 2−
3σ
8
− b2
2 πif(m,χ, σ, τ0)
(κ2)
ν
(
daD
dz
)−(ν+σ/4)
2
e2pz2+S
2T (z2)(−1)x2 ·ξ nx e 12 i(dz/daD)2S·x,
(6.72)
while for the dyon singularity at z3 one finds:〈
epO+I(S)
〉
x,z3,ξ
= 2−
3σ
8
− b2
2 πif(m,χ, σ, τ0)
i−ξ
2
(κ3)
ν
(
d(aD − a)
dz
)−(ν+σ/4)
3
e2pz3+S
2T (z3)(−1)x2 ·ξ nx e 12 i(dz/d(aD−a))3S·x,
(6.73)
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where T (z2) and T (z3) are given by expressions analogous to (6.71):
T (z2) = − 1
12
(dz/daD)2
2 + E2(τ0)
z2
6
+
m2
72
E4(τ0),
T (z3) = − 1
12
(dz/d(aD − a))32 + E2(τ0)z3
6
+
m2
72
E4(τ0).
(6.74)
In (6.72) there is an extra phase (−1)σ/8 that we have supressed. The reason for this
is that, as stated in a theorem by Rohlin [29], on smooth, compact, spin four-manifolds,
σ ∈ 16ZZ. This is in contrast with the weaker arithmetic result σ ∈ 8ZZ which follows from
the evenness of the intersection form. We will restrict ourselves to such four-manifolds
and hence supress this phase in what follows.
6.4.4 The formula for the generating function
The complete formula for the generating function of the theory on simply-connected spin
four-manifolds of simple type is given by the combination of (6.70), (6.72) and (6.73),
summed over the basic classes (we do not sum over ’t Hooft fluxes, though). The contri-
bution from the u-plane integral is absent, since it vanishes for manifolds with b+2 > 1.
As for the as yet unknown function f(m,χ, σ, τ0), it is not possible to determine it com-
pletely in the context of the u-plane approach. However, we will propose an ansatz for
this function, which is motivated by a series of natural conditions that it has to satisfy.
As we will show, with our ansatz the partition function is dimensionless and displays two
properties of the partition function of the twisted N = 4 supersymmetric theory consid-
ered by Vafa and Witten [100]: it is a modular form of weight −χ/2 and contains the
Donaldson invariants in the form shown in [26]. In addition, its final expression reduces
to the Vafa-Witten partition function on K3.
Our ansatz for f(m,χ, σ, τ0), which turns out to satisfy the properties stated above,
is:
f(m,χ, σ, τ0) = − i
π
2(3χ+7σ)/8m−(3ν+7σ)/8η(τ0)−12ν . (6.75)
In [59] a different choice for f was made
f(m,χ, σ, τ0) = − i
π
2(3χ+7σ)/8mσ/8η(τ0)
−12ν , (6.76)
the only difference being that the generating function therein contained an overall factor
m3(2χ+3σ)/8. If we insist that the generating function be adimensional – see [79] – the
correct choice is of course (6.75).
Taking (6.70), (6.72) and (6.73), the formula that one obtains for the generating
function of all the topological correlation functions for simply-connected spin manifolds
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is the following:
〈
epO+I(S)
〉
ξ
= 2ν/22(2χ+3σ)/8m−(3ν+7σ)/8(η(τ0))
−12ν
{
(κ1)
ν
(
da
dz
)−(ν+σ
4
)
1
e2pz1+S
2T1
∑
x
δ[x2 ],ξ
nx e
i
2
(dz/da)1x·S
+ 2−
b2
2 (κ2)
ν
(
daD
dz
)−(ν+σ
4
)
2
e2pz2+S
2T2
∑
x
(−1)ξ·x2 nx e i2 (dz/daD)2x·S
+ 2−
b2
2 i−ξ
2
(κ3)
ν
(
d(aD − a)
dz
)−(ν+σ
4
)
3
e2pz3+S
2T3
∑
x
(−1)ξ·x2 nx e i2 (dz/d(aD−a))3x·S
}
,
(6.77)
where the sum
∑
x is over all the Seiberg-Witten basic classes. This formula can be written
in terms of modular forms by substituting the explicit expressions (3.18) for κj and (3.19)
for the periods. Notice that there is no need to resolve the square roots in (3.19). Indeed,
the periods in (6.77) are raised to the power −(ν + σ/4). Since the manifold X is spin,
σ = 0 mod 16, so σ/4 is even. As for ν = (χ + σ)/4, it is only guaranteed4 that ν ∈ ZZ.
Nevertheless, as explained in sect. 11.5 of [84], one can take advantage of the following
property of the Seiberg-Witten invariants nx – see [110] for a quick proof:
n−x = (−1)νnx. (6.78)
Upon summing over x and −x using (6.78), the factors e i2 (dz/da)jx·S average to a cosine
when ν is even, and to a sine when ν is odd. Therefore, no odd powers of (dz/da)j appear
in (6.77). Note that as x is an even class on spin manifolds, ξ ·x/2 is always an integer, and
therefore the phase (−1)ξ·x2 does not spoil the argument. Likewise, if x + 2ξ = 0 mod 4,
it is also true that −x + 2ξ = 0 mod 4 (x is an even class), so if a given basic class x
contributes to the first term in (6.77) , so does −x.
We will now work out a more explicit formula for the partition function (setting p = 0
and S = 0 in (6.77)). Notice that, since the partition function does not care about
whether the manifold is simply-connected or not, at least in the simple-type case (in any
case, we are not computing correlation functions of observables), we can easily extend
our result to the non simply-connected case. As in [100] this extension involves the
introduction of a factor 2−b1 in two of the three contributions. Notice also that, because
of (6.78), the partition function is zero when ν is odd, since nx + n−x = nx(1 + (−1)ν).
Therefore, in the following formula for the partition function we assume that ν is even.
Upon substituting eqs. (3.18) and (3.19) in (6.77), and taking into account the identities
4 For x = −2λ˜ = −2c1(L˜) a basic class, ν is the index of the corresponding Dirac operator
D : Γ(X,S+ ⊗ L˜)→ Γ(X,S− ⊗ L˜), which is always an integer [110].
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(6.132), the partition function for a fixed ’t Hooft flux ξ is given by:
Zξ =
{(
G(q0
2)
4
)ν/2
(ϑ3ϑ4)
(2χ+3σ)/2
∑
x
δξ,[x2 ]
nx
+21−b1+
1
4
(7χ+11σ)
(
G(q0
1/2)
)ν/2(ϑ2ϑ3
2
)(2χ+3σ)/2∑
x
(−1)x2 ·ξ nx
+21−b1+
1
4
(7χ+11σ)i−ξ
2 (
G(−q01/2)
)ν/2(ϑ2ϑ4
2
)(2χ+3σ)/2∑
x
(−1)x2 ·ξ nx
}
.
(6.79)
The partition function for gauge groups SU(2) and SO(3) is easily obtained from this
expression. One finds:
ZSU(2) = Zξ=0/2
1−b1
=
{
2b1−1
(
G(q0
2)
4
)ν/2
(ϑ3ϑ4)
(2χ+3σ)/2
∑
x=4y
nx
+ 2
1
4
(7χ+11σ)
(
G(q0
1/2)
)ν/2(ϑ2ϑ3
2
)(2χ+3σ)/2∑
x
nx
+ 2
1
4
(7χ+11σ)
(
G(−q01/2)
)ν/2(ϑ2ϑ4
2
)(2χ+3σ)/2∑
x
nx
}
.
(6.80)
The constraint x = 4y in the first term in (6.80) means that one has to consider only those
basic classes x ∈ 4H2(X,ZZ). Notice that this constraint implies that the corresponding
contribution vanishes unless x2 = 2χ + 3σ = 8ν + σ = 16y2 = 0 mod 32. Notice that
as ν is even and σ ∈ 16ZZ, it is only guaranteed that 2χ + 3σ = 0 mod 16. When
2χ+3σ = 0 mod 32, the first singularity contributes to the SU(2) partition function, and
the leading behaviour of the partition function is
Z0 ∼ q0−ν +O(q0−ν+1). (6.81)
As in [100], the leading contribution could be interpreted as the contribution of the trivial
connection, shifted from (q0)
0 to q0
−ν by the c-number we referred to above. But notice
that the next power in the series expansion is q0
−ν+1. The gap between the trivial connec-
tion contribution and the first non-trivial instanton contribution which was noted in [100]
for the Vafa-Witten partition function is not present here: all instanton configurations
contribute to ZSU(2).
On the other hand, when 2χ + 3σ = 16(2j + 1), j ∈ ZZ, the first singularity does
not contribute to the partition function and the leading behaviour comes from the strong
coupling singularities. Then Z0 has an expansion:
Z0 ∼ q0 2χ+3σ16 +O(q0 2χ+3σ16 +1), (6.82)
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again with no gap between the contribution of the trivial connection (shifted from (q0)
0
by the c-number q0
2χ+3σ
16 ) and higher-order instanton contributions.
As for the SO(3) partition function, one has to sum (6.79) over all allowed bundles,
which means summing over all allowed ’t Hooft fluxes. One finds in this way:
ZSO(3) =
∑
ξ
Zξ
=
{(
G(q0
2)
4
)ν/2
(ϑ3ϑ4)
(2χ+3σ)/2
∑
x
nx
+ 21−b1+b2+
1
4
(7χ+11σ)
(
G(q0
1/2)
)ν/2(ϑ2ϑ3
2
)(2χ+3σ)/2 ∑
x=4y
nx
+ 21−b1+b2/2+
1
4
(7χ+11σ)
(
G(−q01/2)
)ν/2(ϑ2ϑ4
2
)(2χ+3σ)/2∑
x
nx
}
.
(6.83)
To perform the summation over fluxes in (6.83), one uses the following identities [100]:∑
ξ
∑
x
nx δ[x2 ],ξ
=
∑
x
nx,∑
ξ
∑
x
(−1)x2 ·ξ nx = 2b2
∑
x=4y
nx,∑
ξ
i−ξ
2
∑
x
(−1)x2 ·ξ nx = 2b2/2
∑
x
nx,
(6.84)
where in the last identity we have supressed again the phase (−1)σ/8.
6.5 Duality transformations of the generating func-
tion
In this section we will study the properties under duality transformations of the generating
function (6.77). We will start by checking the modular properties of Zξ(τ0) as given in
(6.79). As explained in [100], one should expect the following behaviour under the modular
group. Under a T transformation, taking τ0 → τ0 + 1, the partition function for fixed ξ
must transform into itself with a possible anomalous ξ-dependent phase. Indeed, (6.79)
behaves under T in the expected fashion:
Zξ(τ0 + 1) = i
−ξ2Zξ(τ0). (6.85)
Checking (6.85) involves some tricky steps that we now explain. Let us rewrite (6.79) as:
Zξ = A1(τ0)
∑
x
δξ,[x2 ]
nx +
[
A2(τ0) + i
−ξ2A3(τ0)
]∑
x
(−1)x2 ·ξnx. (6.86)
Duality in Topological Quantum Field Theories 113
where we have set
A1(τ0) =
(
G(q0
2)/4
)ν/2
(ϑ3ϑ4)
(2χ+3σ)/2 ,
A2(τ0) = 2
1−b1+ 14 (7χ+11σ)
(
G(q0
1/2)
)ν/2
(ϑ2ϑ3/2)
(2χ+3σ)/2 ,
(6.87)
and so on. Under τ0 → τ0 + 1 we have:
A1 → A1, A2 → e ipi8 (2χ+3σ)A3 = A3, A3 → e ipi8 (2χ+3σ)A2 = A2, (6.88)
and we have taken into account that ν ∈ 2ZZ throughout. In view of (6.88), the partition
function in (6.86) transforms as follows:
Zξ −→ Z˜ξ = A1(τ0)
∑
x
δξ,[x2 ]
nx +
[
A3(τ0) + i
−ξ2A2(τ0)
]∑
x
(−1)x2 ·ξnx, (6.89)
that is
Z˜ξ = i
−ξ2
(
iξ
2
A1
∑
x
δξ,[x2 ]
nx +
[
A2 + i
−ξ2A3
]∑
x
(−1)x2 ·ξnx
)
. (6.90)
The phase iξ
2
in front of A1 seems to spoil the invariance of Zξ under T . That this is not
actually so is because of the constraint ξ+x/2 = 0 mod 2. Indeed, when ξ+x/2 = 0 mod 2
we have ξ2 = x2/4 mod 4, and therefore
iξ
2
= ix
2/4 = i(2χ+3σ)/4 = i2ν+σ/4 = 1, (6.91)
which guarantees that Zξ is invariant (up to a phase) under τ0 → τ0 + 1.
Likewise, under an S transformation, taking τ0 → −1/τ0, one should expect the
following behaviour:
Zξ(−1/τ0) ∝
∑
ζ
(−1)ζ·ξZζ(τ0). (6.92)
It turns out that the partition function (6.79) indeed satisfies (6.92). In fact,
Zξ(−1/τ0) = 2−b2/2
(τ0
i
)−χ/2∑
ζ
(−1)ζ·ξZζ(τ0). (6.93)
In order to check (6.93), one has to use the modular properties of the different functions
in (6.79), which are compiled in the appendix in sect. 6.7, and handle with care the
summation over fluxes in (6.93). The following identities are useful:∑
ζ
(−1)ζ·ξ
∑
x
nx δ[x2 ],ζ
=
∑
x
(−1)x2 ·ξ nx,∑
ζ
(−1)ζ·ξ
∑
x
(−1)x2 ·ζ nx = 2b2
∑
x
nx δ[x2 ],ξ
,
∑
ζ
(−1)ζ·ξ i−ζ2
∑
x
(−1)x2 ·ζ nx = 2b2/2i−ξ2
∑
x
(−1)x2 ·ξ nx.
(6.94)
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To prove these identities, we borrow from eq. (5.40) of [100] the following formulas:
∑
z
(−1)z·yδz,z′ = (−1)y·z′,∑
z
(−1)z·y = 2b2δy,0,∑
z
(−1)z·yi−z2 = 2b2/2i−σ/2+y2 .
(6.95)
In addition to this, we have to take into account that, since the manifold is spin, σ =
0 mod 16, x ∈ 2H2(X,ZZ), and x · ξ, ξ2 ∈ 2ZZ. Similarly, one should not forget to impose
the constraint ν ∈ 2ZZ.
Using (6.80) and (6.83), one finds the following duality transformation properties for
the SU(2) and SO(3) partition functions:
ZSU(2)(τ0 + 1) = ZSU(2)(τ0),
ZSO(3)(τ0 + 2) = ZSO(3)(τ0),
ZSU(2)(−1/τ0) = 2−χ/2τ0−χ/2ZSO(3)(τ0).
(6.96)
As expected, the partition function for SO(3) does not transform properly under τ0 →
τ0 +1, but transforms into itself under τ0 → τ0 +2. Hence, the SU(2) or SO(3) partition
funcions are invariant under the subgroup Γ0(2) ⊂ SL(2,ZZ).
We will now analyse the behaviour of the topological correlation functions under mod-
ular transformations. First, it is useful to work out how the different terms entering (6.77)
transform. Under τ0 → −1/τ0 we have,
z1 −→ τ02z2, T1 −→
(τ0
i
)4(
T2 − i
πτ0
z2
)
,
z2 −→ τ02z1, T2 −→
(τ0
i
)4(
T1 − i
πτ0
z1
)
,
z3 −→ τ02z3, T3 −→
(τ0
i
)4(
T3 − i
πτ0
z3
)
.
(6.97)
These formulas entail for the topological correlation functions the following behaviour
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under an S transformation:〈
1
8π2
Trφ2
〉SU(2)
τ0
= 〈O〉SU(2)τ0 =
1
τ02
〈O〉SO(3)−1/τ0 ,〈
1
8π2
∫
S
Tr (2φF + ψ ∧ ψ)
〉SU(2)
τ0
= 〈I(S)〉SU(2)τ0 =
1
τ02
〈I(S)〉SO(3)−1/τ0 ,
〈I(S)I(S)〉SU(2)τ0 =
(τ0
i
)−4
〈I(S)I(S)〉SO(3)−1/τ0 +
i
2π
1
τ03
〈O〉SO(3)−1/τ0 ♯(S ∩ S).
(6.98)
At first sight, the behaviour of 〈I(S)〉 under τ0 → −1/τ0 seems rather unnatural. Since
I(S) is essentially the magnetic flux operator of the theory, one would expect that it should
transform under S into the corresponding electric flux operator J(S) ∼ ∫
S
Tr (φ ∗ F ) of
the dual theory. However, this operator (or any appropriate generalization thereof) does
not give rise to topological invariants, so one could question whether it should play any
role at all. Likewise, one would like to understand the origin of the shift 〈O〉 ♯(S ∩ S) in
the transformation of 〈I(S)I(S)〉.
These a priori puzzling behaviours are quite natural when analysed from the viewpoint
of Abelian electric-magnetic duality5. In fact, there exists a simple Abelian topological
model whose correlation functions mimic the behaviour in (6.98) under electric-magnetic
duality.
This model contains an Abelian gauge field A, whose field strength is defined as
F = dA, two neutral scalar fields φ, λ, a Grassmann-odd neutral one-form ψ and a
Grassmann-odd neutral two-form χ. The Lagrangian is simply the topological density
i
4π
τ0F ∧ F = iτ0
16π
ǫαβµνF
αβF µν , (6.99)
plus conventional kinetic terms for the rest of the fields:
L0 = i
4π
τ0F ∧ F + Im τ0 dφ ∧ ∗dλ+ Im τ0 χ ∧ ∗dψ. (6.100)
This Lagrangian possesses the following BRST symmetry:
[Q,A] = ψ, {Q,ψ} = dφ, [Q, φ] = [Q, λ] = {Q,χ} = 0. (6.101)
Notice that the non-holomorphic metric-dependent dependence on τ0 in (6.100) is BRST-
exact:
Im τ0 (dφ ∧ ∗dλ+ χ ∧ ∗dψ) = Im τ0{Q,ψ ∧ ∗dλ− χ ∧ ∗F}. (6.102)
Therefore, the partition function
∫ D[A, φ, λ, φ, χ, ]e∫ L0 is metric-independent and a priori
holomorphic in τ0.
5We thank J.L.F. Barbo´n for useful conversations on this point.
116 Adjoint non-Abelian monopoles
The presence of magnetic sources in the theory is mimicked by imposing the conditions:∫
Sa
F = 2πna, na ∈ ZZ, (6.103)
where the {Sa}a=1,···b2(X) are two-cycles representing a basis of H2(X, IR). Notice that
indeed
∫
S
F gives the magnetic flux of F through S. Owing to (6.103), F can be decom-
posed as F = da+2π
∑
a n
a[Sa], where a is a one-form in X and [Sa] are closed two-forms
representing a basis of H2(X, IR) dual to {Sa}. With these conventions, the piece in
∫ L0
containing the field strength is simply
iπτ0
∑
a,b
naQabn
b, (6.104)
with Qab =
∫
X
[Sa] ∧ [Sb] = ♯(Sa ∩ Sb) the intersection form of the manifold. The func-
tional integral
∫ DA eL0 therefore involves a continuous integration over a plus a discrete
summation over the magnetic fluxes na.
We wish to calculate the correlation functions 〈φ2〉 and 〈∫
S
(2φF + ψ ∧ ψ)〉, and anal-
yse their behaviour under duality transformations. For this we consider the generating
functional: ∫
DADφDλDψDχ e
∫
X
L(p,S), (6.105)
where
L(p, S) = i
4π
τ0F ∧ F + Im τ0 dφ ∧ ∗dλ+ Im τ0 χ ∧ ∗dψ
+
1
8π2
(2φF + ψ ∧ ψ) ∧ [S] + p
8π2
φ2.
(6.106)
Notice that the operators φ2 and
∫
S
(2φF+ψ∧ψ) are BRST-invariant. This guarantees,
in the usual fashion, the topological invariance of the generating function (6.105).
It is possible to rewrite (6.105) in terms of an equivalent, dual theory, which is also
a topological Abelian model of the same sort, but with an inverted coupling constant
τD0 = −1/τ0. The details are similar to those in conventional electric-magnetic duality
for Abelian gauge theories [98][101][111]: one introduces a Lagrange multiplier AD to
enforce the constraint F = dA in the functional integral. This AD can be thought of as
a connection on a dual magnetic line bundle. Its field strength FD = dAD is taken to
have quantized fluxes through the cycles Sa: FD = daD+2π
∑
am
a[Sa]. To deal with the
other fields, we augment the quintet {F, ψ, φ, λ, χ} with a dual Abelian field strength FD,
a dual neutral Grassmann-odd one-form ψD, dual neutral scalars φD, λD, a dual neutral
Grassmann-odd two-form χD, bosonic four-form multipliers b, b˜, a Grassmann-odd three-
form multiplier ρ and a Grassmann-odd two-form multiplier ω, and consider the extended
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Lagrangian:
L˜(p, S) = i
4π
τ0F ∧ F + Im τ0
2τ0
dφD ∧ ∗dλ+ Im τ0
2τ¯0
dφ ∧ ∗dλD
+
Im τ0
2τ0
χ ∧ ∗dψD + Im τ0
2τ¯0
χD ∧ ∗dψ
+
1
8π2
(
2φF +
1
τ0
ψ ∧ ψD
)
∧ [S] + p
8π2τ0
φφD
− i
2π
F ∧ FD + b(φD − τ0φ) + b˜(λD − τ¯0λ)
+ρ ∧ (ψD − τ0ψ) + ω ∧ (χD − τ¯0χ).
(6.107)
By integrating out the dual fields FD, φD, ψD, χD and λD, and the multipliers b, b˜, ρ, ω,
it is straightforward to verify that the generating functional:
∫
D[F, φ, ψ, λ, χ, FD, φD, ψD, λD, χD, b, b˜, ρ, ω] e
∫
X
L˜(p,S), (6.108)
where now the integration over F is unrestricted, represents the same theory as (6.105).
The dual formulation can be achieved by integrating out instead the original fields F , φ,
λ, χ and ψ, together with the multipliers b, b˜, ρ and ω. One obtains in this way the dual
Lagrangian:
LD(p, S) = − i
4πτ0
FD ∧ FD + Im τD0 dφD ∧ ∗dλD + Im τD0 χD ∧ ∗dψD
+
1
τ02
1
8π2
(
2φDFD + ψD ∧ ψD
) ∧ [S] + p
8π2τ02
(φD)
2 +
i
2πτ03
(φD)
2
8π2
[S] ∧ [S].
(6.109)
Notice that this dual Lagrangian is invariant under the appropriate dualized version of
(6.101):
[Q,AD] = ψD, {Q,ψD} = dφD, [Q, φD] = [Q, λD] = {Q,χD} = 0. (6.110)
From (6.109) we can immediately read off the behaviour of the correlation functions under
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τ0 → −1/τ0: 〈
1
8π2
φ2
〉
τ0
= 〈O〉τ0 =
1
τ02
〈
1
8π2
(φD)
2
〉
−1/τ0
=
1
τ02
〈O〉D−1/τ0 ,
〈
1
8π2
∫
S
(2φF + ψ ∧ ψ)
〉
τ0
= 〈I(S)〉τ0 =
1
τ02
〈
1
8π2
∫
S
(2φDFD + ψD ∧ ψD)
〉
−1/τ0
=
1
τ02
〈I(S)〉D−1/τ0 ,
〈I(S)I(S)〉τ0 =
1
τ04
〈I(S)I(S)〉D−1/τ0 +
i
2πτ03
〈O〉D−1/τ0 ♯(S ∩ S),
(6.111)
which, as promised, faithfully reproduces the modular properties (6.98) of the correspond-
ing topological correlation functions of the full, non-Abelian theory.
6.6 More properties of the generating function
In this section we will analyse more properties of the generating function (6.77). First,
we will study its behaviour in the massless limit m → 0, then we will show that the
Donaldson invariants are contained in the partition function by studying the N = 2 limit
(m → ∞) and, finally, we will show that on K3 it reduces to the one obtained by Vafa
and Witten for another twist of the N = 4 supersymmetric theory.
6.6.1 Massless limit
We wish to analyse the behaviour of (6.77) and (6.79) in the limit m → 0 holding τ0
fixed. Since we have factorized out the overall dependence on m, the analysis here is
much simpler than that in [59] but leads to a somewhat puzzling result. Notice that all
the dependence on m in the generating function is contained in the observables. Consider
a certain correlation function 〈O(1) · · ·O(r)〉. The observable insertions carry an explicit
mass dependence dictated by their ghost number (6.41), so we have
〈O(1) · · ·O(r)〉 ∝ m
∑r
n=1 gn/2, (6.112)
where gn is the ghost number of the observable O(n). As the exponent in (6.112) is always
positive, all the correlation functions vanish in the limit m→ 0 whatever the values of χ
and σ be. Notice that one would generically expect that the correlation functions should
be non-zero unless 2χ + 3σ ≥ 0. However, on manifolds with b+2 > 1, the topological
correlation functions are given by the contributions from the singularities in the moduli
space of the physical theory. In the massless limit, the three singularities of the low-energy
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description of the physical N = 4 theory collapse to a unique singularity at u = 0. This
is a superconformal point where we generically expect all the correlation functions other
than the partition function (which is itself the vacuum expectation value of the identity
operator) to vanish. Thus, the vanishing of the topological correlation functions could be
thought of as an effect of the superconformal invariance of the undelying N = 4 theory.
Anyhow, one should not take these results too seriously. The generating function was
derived for generic values of the mass m (and in particular for non-zero values of the
mass), so it is not clear that setting m = 0 is meaningful at all.
6.6.2 The N = 2 limit and the Donaldson-Witten invariants
We would like to analyse the fate of our formulas for the generating function under the
decoupling limit m → ∞, q0 → 0, holding Λ0, the scale of the Nf = 0 theory, fixed:
4m4q0 = Λ0
4. In this limit, the singularities at strong coupling evolve to the singularities
of the N = 2, Nf = 0 SU(2) theory, while the semiclassical singularity goes to infinity and
disappears. While this limit is perfectly well-defined for the Seiberg-Witten curve, it is not
clear whether the corresponding explicit expressions for the prepotentials and the periods
should remain non-singular as well. The question therefore arises as to whether taking
this naive limit in the twisted theory could give a non-singular result, that is whether,
starting from (6.77) or (6.79), one could recover the corresponding expressions for the
twisted (pure) SU(2) N = 2 supersymmetric theory. This limit has been systematically
studied for the twisted N = 2 gauge theory with Nf hypermultiplets in the fundamental
representation (and Nf < 4) in [79]. Dijkgraaf et al. [26] considered the same limit
for the Vafa-Witten partition function, and they were able to single out a piece which
corresponds to the partition function of the twisted N = 2 supersymmetric theory as first
computed by Witten [110]. We will go a step further and recover, in the same limit, the
full generating function for the Donaldson-Witten invariants.
We will focus on the generating function (6.77). We will keep the leading terms in
the series expansion of the different modular functions in powers of q0. We will use the
explicit formulas:
G(q0
2) = 1/q0
2 + · · · , ϑ3(q0)ϑ4(q0) = 1 + · · · ,
G(q0
1/2) = 1/q0
1/2 + · · · , ϑ2(q0)ϑ3(q0)/2 = q01/8 + · · · ,
G(−q01/2) = −1/q01/2 + · · · , ϑ2(q0)ϑ4(q0)/2 = q01/8 + · · · .
(6.113)
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As for the modular functions entering the observables, we have the following behaviour:
z1 =
1
4
m2e1(τ0) =
1
6
m2 +O(Λ0
4/m2),
z2 =
1
4
m2e2(τ0) = − 1
12
m2 − 4Λ02 +O(Λ04/m2),
z3 =
1
4
m2e3(τ0) = − 1
12
m2 + 4Λ0
2 +O(Λ0
4/m2),
(6.114)
and
(dz/da)1
2 =
1
2
m2(ϑ3ϑ4)
4 =
1
2
m2 +O(Λ0
4/m2),
(dz/daD)2
2 =
1
2
m2(ϑ2ϑ3)
4 = 16Λ0
2 +O(Λ0
4/m2),
(dz/dad)3
2 = −1
2
m2(ϑ2ϑ4)
4 = −16Λ02 +O(Λ04/m2),
(6.115)
and, for the contact terms Ti (6.71), (6.74):
T1 = O(Λ0
4/m2), T2 = −2Λ02 +O(Λ04/m2), T3 = 2Λ02 +O(Λ04/m2). (6.116)
While the contribution from the semiclassical singularity behaves as
2−νq0−νepm
2/3 . . . , (6.117)
the contributions from the strong coupling singularities give the following result:
1
2b1
q0
−νq03ν/4q0(2χ+3σ)/16e−pm
2/6{
21+
1
4
(7χ+11σ)
(
e2p+
S2
2
∑
x
(−1)x2 ·ξeS·x nx + iν−ξ2e−2p−S
2
2
∑
x
(−1)x2 ·ξe−iS·x nx
)}
,
(6.118)
(we have set Λ0
2 = −1/4), where the quantity in brackets is precisely Witten’s generating
function for the twisted N = 2 SO(3) gauge theory!
6.6.3 The partition function on K3
We now specialize toK3. This is a compact hyper-Ka¨hler manifold, and as such one would
expect [109] the physical and the twisted theories to coincide. Therefore, our formulas
are to be considered as true predictions for the partition function and a selected set of
correlation functions of the physical N = 4 SO(3) gauge theory on K3.
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Only the zero class x = 0 contributes on K3, and nx=0 = 1. Moreover, χ = 24 and
σ = −16, so ν = 2 and 2χ+ 3σ = 0. The answer for K3 is therefore:
ZK3ξ =
1
4
G(q0
2)δξ,0 +
1
2
G(q0
1/2) + i−ξ
2 1
2
G(−q01/2), (6.119)
which happily coincides with the formula given by Vafa and Witten [100]. We can go
even further and present the full generating function on K3:〈
epO+I(S)
〉K3
ξ
=
1
4
G(q0
2)e2pz1+S
2T1 δξ,0 +
1
2
G(q0
1/2)e2pz2+S
2T2 + i−ξ
2 1
2
G(−q01/2)e2pz3+S2T3 .
(6.120)
Notice that the correlation functions, which follow from (6.120), are proportional to
the mass m, and therefore all vanish (except for the partition function) when m→ 0, as
expected.
The generating function for SU(2) is obtained from (6.120) by simply setting ξ = 0
and dividing by 2:〈
epO+I(S)
〉K3
SU(2)
=
1
8
G(q0
2) e2pz1+S
2T1 +
1
4
G(q0
1/2) e2pz2+S
2T2 +
1
4
G(−q01/2) e2pz3+S2T3 .
(6.121)
The corresponding expression for SO(3) bundles is given by the sum of (6.120) over all
’t Hooft fluxes. As explained in [100], the allowed ’t Hooft fluxes on K3 can be grouped
into different diffeomorphism classes, which are classified by the value of ξ2 modulo 4 (K3
is spin, so ξ2 is always even). There are three different possibilities and, correspondingly,
three different generating functions to be computed: ξ = 0, with multiplicity n0 = 1,
gives just the SU(2) partition function; ξ 6= 0, ξ2 ∈ 4ZZ, with multiplicity neven = (222 +
211)/2− 1; and ξ2 = 2 mod 4, with multiplicity nodd = (222 − 211)/2. The SO(3) answer
is the sum of the three generating functions (with the appropriate multiplicities):
〈
epO+I(S)
〉K3
SO(3)
=
〈
epO+I(S)
〉K3
ξ=0
+ neven
〈
epO+I(S)
〉K3
even
+ nodd
〈
epO+I(S)
〉K3
odd
=
1
4
G(q0
2) e2pz1+S
2T1 + 221G(q0
1/2)e2pz2+S
2T2 + 210G(−q01/2)e2pz3+S2T3 .
(6.122)
All these generating functions behave under duality as dictated by (6.85), (6.92) and
(6.98). In particular, the S transformation exchanges the SU(2) and SO(3) generating
functions according to (6.96) and (6.98).
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6.7 Appendix
Here we collect some useful formulas which should help the reader follow the computations
in this chapter. A more detailed account can be found in appendices A and B of [84]. A
very useful review containing definitions and properties of many modular forms can be
found in appendices A and F of [53].
6.7.1 Modular forms
Our conventions for the Jacobi theta functions are:
ϑ2(τ) =
∞∑
n=−∞
q(n+1/2)
2/2 = 2q1/8(1 + q + q3 + · · · ),
ϑ3(τ) =
∞∑
n=−∞
qn
2/2 = 1 + 2q1/2 + 2q2 + · · · ,
ϑ4(τ) =
∞∑
n=−∞
(−1)nqn2/2 = 1− 2q1/2 + 2q2 + · · · ,
(6.123)
where q = e2πiτ . They satisfy the identity:
ϑ3(τ)
4 = ϑ2(τ)
4 + ϑ4(τ)
4, (6.124)
and they have the following properties under modular transformations:
ϑ2(−1/τ) =
√
τ
i
ϑ4(τ), ϑ2(τ + 1) = e
iπ/4ϑ2(τ),
ϑ3(−1/τ) =
√
τ
i
ϑ3(τ), ϑ3(τ + 1) = ϑ4(τ),
ϑ4(−1/τ) =
√
τ
i
ϑ2(τ), ϑ4(τ + 1) = ϑ3(τ).
(6.125)
From these, the modular properties of the functions ej (3.11) follow straightforwardly:
e1(−1/τ0) = τ02e2(τ0), e1(τ0 + 1) = e1(τ0),
e2(−1/τ0) = τ02e1(τ0), e2(τ0 + 1) = e3(τ0),
e3(−1/τ0) = τ02e3(τ0), e3(τ0 + 1) = e2(τ0).
(6.126)
Notice that, from their definition, e1 + e2 + e3 = 0. Likewise, we can determine explic-
itly the behaviour of the functions κj (3.18) and of the periods (3.19) under modular
transformations:
κ1(−1/τ0) = τ02κ2(τ0), κ1(τ0 + 1) = −κ1(τ0),
κ2(−1/τ0) = τ02κ1(τ0), κ2(τ0 + 1) = κ3(τ0),
κ3(−1/τ0) = −τ02κ3(τ0), κ3(τ0 + 1) = κ2(τ0),
(6.127)
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and
(da/dz)1
2|− 1
τ0
= τ0
−4(daD/dz)22|τ0 , (da/dz)12|τ0+1 = (da/dz)12|τ0 ,
(daD/dz)2
2|− 1
τ0
= τ0
−4(da/dz)12|τ0 , (daD/dz)22|τ0+1 = (dad/dz)32|τ0,
(dad/dz)3
2|− 1
τ0
= τ0
−4(dad/dz)32|τ0 , (dad/dz)32|τ0+1 = (daD/dz)22|τ0 ,
(6.128)
where we have set ad ≡ aD − a.
The Dedekind eta function is defined as follows:
η(τ) = q1/24
∞∏
n=1
(1− qn) =
∞∑
−∞
(−1)nq 32 (n−1/6)2 = q1/24(1− q − q2 + · · · ), (6.129)
with q = exp(2iπτ). Under the modular group:
η(−1/τ) =
√
τ
i
η(τ), η(τ + 1) = eiπ/12η(τ). (6.130)
The following identities are useful:
η(τ)3 =
1
2
ϑ2(τ)ϑ3(τ)ϑ4(τ), ϑ2(τ) = 2
η(2τ)2
η(τ)
,
ϑ3(τ) =
η(τ)5
η(τ/2)2η(2τ)2
, ϑ4(τ) =
η(τ/2)2
η(τ)
.
(6.131)
With these formulas we can rewrite the functions G(q) featuring in the Vafa-Witten
formula in terms of standard modular forms:
G(q) =
1
η(q)24
, G(q2) =
1
η(2τ)24
=
(
2
η(τ)ϑ2(τ)
)12
,
G(q1/2) =
1
η( τ
2
)24
=
1(
η(τ)ϑ4(τ)
)12 , G(−q1/2) = 1η( τ+1
2
)24
= − 1(
η(τ)ϑ3(τ)
)12 .
(6.132)
These functions have the following modular properties [100]:
G(q2)
τ→τ+1−→ G(q2), G(q2)τ→−1/τ−→ 212τ−12G(q1/2),
G(q1/2)
τ→τ+1−→ G(−q1/2), G(q1/2)τ→−1/τ−→ 2−12τ−12G(q2),
G(−q1/2)τ→τ+1−→ G(q1/2), G(−q1/2)τ→−1/τ−→ τ−12G(−q1/2).
(6.133)
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The Eisenstein series of weights 2 and 4 are:
E2 =
12
iπ
∂τ log η = 1− 24
∞∑
n=1
nqn
1− qn = 1− 24q + · · · ,
E4 =
1
2
(
ϑ82 + ϑ
8
3 + ϑ
8
4
)
= 1 + 240
∞∑
n=1
n3qn
1− qn .
(6.134)
While E4 is a modular form of weight 4 for Sl(2,ZZ), E2 is not quite a modular form:
under τ → (aτ + b)/(cτ + d) we have
E2
(
aτ + b
cτ + d
)
= (cτ + d)2E2(τ)− 6ic
π
(cτ + d). (6.135)
The non-holomorphic combination Ê2 = E2 − 3/(πIm τ) is a modular form of weight 2,
which enters in the definition of the contact term T̂ in (6.46).
6.7.2 Lattice sums
Here we quote some of the results in appendix B of [84] to which we refer the reader for
more details. These formulas are quite useful when performing the duality transformations
among the different frames on the u-plane.
We introduce the following theta function:
ΘΓ(τ, α, β;P, γ) ≡ exp
[
π
2y
(γ2+ − γ2−)
]
∑
λ∈Γ
exp
{
iπτ(λ + β)2+ + iπτ¯(λ+ β)
2
− + 2πi(λ+ β) · γ − 2πi
(
λ+
1
2
β
)
· α
}
= eiπβ·α exp
[
π
2y
(γ2+ − γ2−)
]
∑
λ∈Γ
exp
{
iπτ(λ + β)2+ + iπτ¯(λ+ β)
2
− + 2πi(λ+ β) · γ − 2πi(λ+ β) · α
}
,
(6.136)
where Γ is a lattice of signature (b+, b−) on which an orthogonal projection P±(λ) = λ±
and a pairing (α, β)→ α · β ∈ IR are defined.
The main transformation law is:
ΘΓ
(
−1/τ, α, β;P, γ+
τ
+
γ−
τ¯
)
=
√
|Γ|
|Γ∗|(−iτ)
b+/2(iτ¯ )b−/2ΘΓ∗(τ, β,−α;P, γ), (6.137)
where Γ∗ is the dual lattice. Given a characteristic vector w2 ∈ Γ, such that
λ · λ = λ · w2 mod 2 (6.138)
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for all λ ∈ Γ, then we have:
ΘΓ(τ + 1, α, β;P, γ) = e
−iπβ·w2/2ΘΓ
(
τ, α− β − 1
2
w2, β;P, γ
)
. (6.139)
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Chapter 7
The amphicheiral theory
7.1 The twisted theory
The last theory we will consider was briefly introduced at the end of reference [114], and
afterwards it was considered in detail in [14][56][73]. It corresponds to the decomposition
(see chapter 4) 4 −→ (2, 1) ⊕ (1, 2), but it is easier (and equivalent) to start from the
second twisted theory and replace SU(2)R with the diagonal sum SU(2)
′
R of SU(2)R itself
and the remaining isospin group SU(2)F (this is very much alike to a conventional N = 2
twisting). This introduces in the theory a second BRST-like symmetry, which comes from
the N = 4 spinor supercharges Q¯vα˙. As we pointed out at before, there are several unusual
features to this theory that we think deserve a detailed analysis. We begin by recalling the
fundamentals of the second twist. The symmetry group H = SU(2)L⊗SU(2)R⊗SU(4)I
of the original N = 4 supersymmetric gauge theory is twisted to give the symmetry
group H′ = SU(2)′L ⊗ SU(2)R ⊗ SU(2)F ⊗ U(1) (we will refer to this as the L twist) of
the half-twisted theory. The supersymmetry charges Qvα and Q¯vα˙ decompose under H′ as:
Qvα ⊕ Q¯vα˙ −→ Q(+1) ⊕Q(+1)(αβ) ⊕Q(−1)iα ⊕ Q¯(−1)αα˙ ⊕ Q¯(+1)iα˙ . (7.1)
But one can also twist with SU(2)R thus obtaining its corresponding “mirror” T˜ twist with
symmetry group H˜′ = SU(2)L ⊗ SU(2)′R ⊗ SU(2)F ⊗ U(1) (R twist). Both formulations
are related (4.8) through an orientation reversal and a change of sign in θ0. Now we can
twist SU(2)F away in four different ways. Two of these (LL and RR) take us back to
the Vafa-Witten twists T and T˜ . The other two (LR and RL) should lead us to the
twist considered in [14][73] and its corresponding T˜ twist. The non-trivial result is that
either of these two different choices leads to the same topological theory. This can be
seen as follows. Pick one of the possibilities, say, LR. After the first twist we have the
half-twisted theory with symmetry group H′ and supersymmetry charges (7.1). If we now
twist SU(2)F with SU(2)R we obtain, from the last charge in (7.1), a second scalar charge
Q˜ given by:
Q¯iα˙ → Q¯β˙α˙ → Q˜ = C β˙α˙Q¯β˙α˙. (7.2)
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Notice that both the anticommuting symmetries, Q and Q˜, have the same ghost
number, so they are both to be considered either as BRST or anti-BRST operators. This
is in contrast with the situation we found in the Vafa-Wittten twist where, after explicitly
breaking the isospin group SU(2)F down to its T3 subgroup, we ended up with two scalar
charges Q(+) and Q(−) with opposite ghost numbers, which were then interpreted as a
BRST-antiBRST system.
The fields of the new theory can be obtained from those in the half-twisted theory as
follows:
Aαα˙
λvα
λ¯vα˙
φuv
−→
−→
−→
−→
A
(0)
αα˙
χ
(−1)
βα , η
(−1), λ(+1)iα
ψ
(+1)
αα˙ , ζ
(−1)
iα˙
B(−2), C(+2), G(0)iα
−→
−→
−→
−→
A
(0)
αα˙
χ
(−1)
βα , η
(−1), ψ˜(+1)αα˙
ψ
(+1)
αα˙ , η˜
(−1), χ˜(−1)
α˙β˙
B(−2), C(+2), V (0)αα˙
(7.3)
where we have included also the corresponding fields of the N = 4 theory and the ghost
number carried by the twisted fields. The notation is similar to that in ref. [73]. Notice
that if we exchange SU(2)L by SU(2)R the field content in (7.3) does not change. This
in turn implies that the LR and RL twists are in fact the same,
SLRX = SRLX , (7.4)
or, in other words, the third twist leads to an amphicheiral topological quantum field
theory. Since it is known that the two twists are related by SLRX = SRLX˜
∣∣
τ0→−τ¯0 (X˜ denotes
the manifold X with the opposite orientation), it follows that by reversing the sign of the
θ-angle one can jump from X to X˜:
SX = SX˜
∣∣
τ0→−τ¯0. (7.5)
We will see in a moment that this information is encoded in the discrete conjugation
symmetry introduced in [73].
The definitions in (7.3) are almost self-evident. The only ones which need clarification
are those corresponding to η˜ and χ˜α˙β˙. Our conventions are:
ζ iα˙ → ζ β˙α˙ →
{
η˜ = −ζ α˙α˙,
χ˜α˙β˙ = −Cγ˙(β˙ζ γ˙ α˙).
(7.6)
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In terms of the fields in (7.3), the on-shell action (6.5) takes the form:
S(0) = 1
e20
∫
d4xTr
{ 1
2
∇αα˙B∇α˙αC − 1
4
∇ββ˙Vαα˙∇β˙βV α˙α − iψβα˙∇α˙αχαβ
− i
2
ψαα˙∇α˙αη + i
2
η˜∇α˙αψ˜αα˙ + iχ˜α˙β˙∇α˙αψ˜β˙α −
1
4
FmnF
mn
− i√
2
χαβ [χαβ, C]− i√
2
ψ˜α˙α[ψ˜αα˙, B] + i
√
2χαβ [ψ˜αα˙, Vβ
α˙] +
i√
2
η[ψ˜αα˙, Vα
α˙]
− i
2
√
2
η[η, C] +
i√
2
ψαα˙[ψ
α˙α, B]− i√
2
η˜[ψαα˙, Vα
α˙]− i
√
2 χ˜α˙β˙[ψαα˙, V
α
β˙]
+
i√
2
χ˜α˙β˙[χ˜
α˙β˙ , C] +
i
2
√
2
η˜[η˜, C]− 1
2
[B,C]2 − [B, Vαα˙][C, V α˙α]
+
1
4
[Vαα˙, Vββ˙][V
α˙α, V β˙β]
}
− iθ0
32π2
∫
d4xTr
{ ∗FmnFmn }. (7.7)
The next thing to do is to obtain the symmetry transformations which correspond to the
new model. Recall that we have now two fermionic charges Q and Q˜. The transformations
generated by Q are easily obtained from those in the previous twist (6.7). To obtain the
transformations generated by Q˜ we must return to the N = 4 theory. Let us recall
that the N = 4 supersymmetry transformations are generated by ξvαQvα + ξ¯vα˙Q¯vα˙. The
transformations corresponding to Q˜ are readily extracted by setting ξ¯1 = ξ¯2 = 0 and
making the replacement
ξ¯ 3,4α˙ → ξ¯ iα˙ → ξ¯ β˙α˙ → ǫ˜ δβ˙α˙. (7.8)
In this way one gets the following set of transformations:
δAαα˙ = 2iǫψαα˙, δ˜Aαα˙ = −2iǫ˜ψ˜αα˙,
δF+αβ = 2ǫ∇(αα˙ψβ)α˙, δ˜F+αβ = −2ǫ˜∇(αα˙ψ˜β)α˙,
δψαα˙ = −i
√
2ǫ∇αα˙C, δ˜ψαα˙ = −2iǫ˜[Vαα˙, C]
δη˜ = i
√
2ǫ∇αα˙V α˙α, δ˜η˜ = 2iǫ˜[B,C],
δχ˜α˙β˙ = −i
√
2ǫ∇α(α˙V αβ˙), δ˜χ˜α˙β˙ = iǫ˜F−α˙β˙ − iǫ˜[Vαα˙, V αβ˙],
δχαβ = −iǫF+αβ − iǫ[Vαα˙, Vβα˙], δ˜χαβ = i
√
2 ǫ˜∇α˙(αVβ)α˙,
δη = 2iǫ[B,C], δ˜η = i
√
2 ǫ˜∇αα˙V α˙α,
δψ˜αα˙ = −2iǫ[Vαα˙, C], δ˜ψ˜αα˙ = −i
√
2ǫ˜∇αα˙C,
δB =
√
2ǫη, δ˜B = −
√
2ǫ˜η˜,
δC = 0, δ˜C = 0,
δVαα˙ = −
√
2ǫψ˜αα˙, δ˜Vαα˙ =
√
2ǫ˜ψαα˙.
(7.9)
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Since there are no half-integer spin fields in the theory it is preferable to convert the
spinor indices into vector indices. To do this we make the following definitions:Vψ
ψ˜

αα˙
≡ σmαα˙
Vψ
ψ˜

m
, χαβ = σ
mn
αβχ
+
mn, χ˜α˙β˙ = σ¯
mn
α˙β˙χ
−
mn (7.10)
where χ±mn = (1/2){χmn ± (1/2)ǫmnpqχpq}. In order to extract a manifestly real action
we also make the replacements ψ → −iψ, χ+ → iχ+, η˜ → iη˜ and Q˜→ iQ˜. The resulting
action is:
S(0) = 1
e20
∫
d4xTr
{−∇mB∇mC −∇mVn∇mV n + 4ψm∇nχ+mn + ψm∇mη
+ ψ˜m∇mη˜ + 4ψ˜m∇nχ−mn −
1
4
FmnF
mn − i
√
2χ+mn[χ+mn, C]
+ i
√
2 ψ˜m[ψ˜m, B]− 4i
√
2χ+mn[ψ˜
m, V n] + i
√
2 η[ψ˜m, V
m]− i
2
√
2
η[η, C]
+ i
√
2ψm[ψ
m, B]− i
√
2 η˜[ψm, V
m] + 4
√
2 iχ−mn[ψ
m, V n]− i
√
2χ−mn[χ
−mn, C]
− i
2
√
2
η˜[η˜, C]− 1
2
[B,C]2 + 2[B, Vm][C, V
m] + [Vm, Vn][V
m, V n]
}
− iθ0
32π2
∫
d4xTr
{ ∗FmnFmn }, (7.11)
and the corresponding transformations become:
δAm = 2ǫψm, δ˜Am = −2ǫ˜ψ˜m,
δψm =
√
2ǫ∇mC, δ˜ψm = −2iǫ˜[Vm, C]
δη˜ = −2
√
2ǫ∇mV m, δ˜η˜ = −2iǫ˜[B,C],
δχ−mn = 2
√
2ǫ(∇[mVn])−, δ˜χ−mn = ǫ˜F−mn − 2iǫ˜([Vm, Vn])−,
δχ+mn = −ǫF+mn + 2iǫ([Vm, Vn])+, δ˜χ+mn = 2
√
2ǫ˜(∇[mVn])+,
δη = 2iǫ[B,C], δ˜η = −2
√
2ǫ˜∇mV m,
δψ˜m = −2iǫ[Vm, C], δ˜ψ˜m = −
√
2ǫ˜∇mC,
δB =
√
2ǫη, δ˜B = −
√
2ǫ˜η˜,
δC = 0, δ˜C = 0,
δVm = −
√
2ǫψ˜m, δ˜Vm = −
√
2ǫ˜ψm, (7.12)
where (X[mn])
± ≡ 1
2
(X[mn] ± ∗X[mn]), and X[mn] ≡ 12(Xmn −Xnm). The generators Q and
Q˜ satisfy the on-shell algebra:
{Q,Q } = δg(C),
{ Q˜, Q˜ } = δg(C),
{Q, Q˜ } = 0. (7.13)
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Now consider the following discrete transformations acting on the fields of the theory:
B −→ B, C −→ C,
A −→ A, V −→ −V,
η −→ −η˜, ψ −→ −ψ˜,
η˜ −→ −η, ψ˜ −→ −ψ,
χ+ ←→ −χ− ⇒
{
χ→ −χ,
∗χ→ ∗χ, F
+ ←→ F− ⇒
{
F → F,
∗F → − ∗ F.
(7.14)
Notice that these transformations involve the simultaneous replacement ǫmnpq → −ǫmnpq ,
which is equivalent to a reversal of the orientation of the four-manifold X. Because of
this orientation reversal, the sign of the theta-term in (7.11) is also reversed. Thus the
ZZ2-like transformations (7.14) map the action on X to the same action on X˜ but with
−θ0. This is precisely the information encoded in (7.5).
It is also noteworthy that the transformations (7.14) exchange the BRST generators
Q and Q˜ – one can see this by looking at (7.12). Indeed, had we not known about
the existence of one of the topological symmetries, say Q˜, we would have discovered it
immediately with the aid of the symmetry (7.14). In addition to this, one can readily see
that the replacements dictated by (7.14) preserve the ghost number assignments of the
fields. In what follows, we will usually refer to the transformations (7.14) by ZZ2, but the
reader must be aware of this abuse of notation.
Several things remain to be done. It would be desirable to obtain an off-shell formula-
tion of the model. Besides, it would be interesting to find out whether the off-shell action
(provided that it exists) can be written as a Q- (or Q˜, or both) commutator, and write
down the explicit expression for the corresponding gauge fermion. And finally, the theory
should be generalized to any arbitrary four-manifold of euclidean signature.
We have found a complete off-shell formulation involving both BRST symmetries
simultaneously such that the action (7.11) is (up to appropriate theta-terms) Q and Q˜-
exact.
Let us examine these results in more detail. The on-shell algebra (7.13) can be ex-
tended off-shell by introducing the auxiliary fields N+mn, N
−
mn and P , which have zero
ghost number and are taken to transform under ZZ2 as N
+ ↔ −N−, P → −P . In terms
of these fields, the transformations (7.12) are modified as follows:
δη˜ = −2
√
2ǫ∇mV m + ǫP,
δP = −4ǫ∇mψ˜m + 4
√
2iǫ[ψm, Vm] + 2
√
2iǫ[η˜, C],
δχ−mn = 2
√
2ǫ(∇[mVn])− + ǫN−mn,
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δN−mn = 4ǫ∇[mψ˜−n] − 4
√
2iǫ[ψ[m, Vn]]
− + 2
√
2iǫ[χ−mn, C],
δχ+mn = −ǫF+mn + 2iǫ([Vm, Vn])+ + ǫN+mn,
δN+mn = 4ǫ∇[mψ+n] + 4
√
2iǫ[ψ˜[m, Vn]]
+ + 2
√
2iǫ[χ+mn, C].
(7.15)
The other transformations in (7.12) remain the same. Equivalent formulas hold for Q˜ and
are related to those in (7.15) through the ZZ2 transformation. In this off-shell realization
the auxiliary fields appear in the action only quadratically, that is,
S(1) = S(0) +
∫
Tr
{
1
2
(N+)2 +
1
2
(N−)2 +
1
8
P 2
}
. (7.16)
The action S(1) can be written either as a Q commutator or as a Q˜ commutator and is
invariant under both, Q and Q˜, that is,
S(1) = {Q, Ψ̂+} − 2πikτ0 = {Q˜, Ψ̂−} − 2πikτ¯0 ; [Q,S(1)] = 0 = [Q˜,S(1)], (7.17)
where the gauge fermions Ψ̂± are not equal but are formally interchanged by the ZZ2
transformation and k is the instanton number (4.2). It is possible to redefine the auxiliary
fields to cast either the Q or the Q˜ transformations (but not both simultaneously) in the
standard form,
{Q,antighost} = auxiliary field,
[Q,auxiliary field] = δgaugeantighost,
(7.18)
which is essential to make contact with the Mathai-Quillen interpretation. Performing
the shifts,
P −→ P + 2
√
2∇mV m,
N−mn −→ N−mn − 2
√
2(∇[mVn])−,
N+mn −→ N+mn + F+mn − 2i([Vm, Vn])+,
(7.19)
which can be guessed from (7.15), the Q transformations take the simple form:
δAm = 2ǫψm, δψm =
√
2 ǫ∇mC,
δVm = −
√
2ǫψ˜m, δψ˜m = −2iǫ[Vm, C],
δC = 0, δη = 2iǫ[B,C],
δB =
√
2ǫη, δP = 2
√
2iǫ[η˜, C],
δη˜ = ǫP,
δχ+mn = ǫN
+
mn, δN
+
mn = 2
√
2iǫ[χ+mn, C],
δχ−mn = ǫN
−
mn, δN
−
mn = 2
√
2iǫ[χ−mn, C].
(7.20)
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The point is that if instead of (7.19) we make the ZZ2 conjugate shifts,
P −→ P + 2
√
2∇mV m,
N+mn −→ N+mn − 2
√
2(∇[mVn])+,
N−mn −→ N−mn − F−mn + 2i([Vm, Vn])−,
(7.21)
it is δ˜ ≡ ǫ˜Q˜ the one which can be cast in the simple form:
δ˜Am = −2ǫ˜ψ˜m, δ˜ψ˜m = −
√
2 ǫ˜∇mC,
δ˜Vm = −
√
2ǫ˜ψm, δ˜ψm = −2iǫ˜[Vm, C],
δ˜C = 0, δ˜η˜ = −2iǫ˜[B,C],
δ˜B = −
√
2ǫ˜η˜,
δ˜η = ǫ˜P, δ˜P = 2
√
2iǫ˜[η, C],
δ˜χ+mn = ǫ˜N
+
mn, δ˜N
+
mn = 2
√
2iǫ˜[χ+mn, C],
δ˜χ−mn = ǫ˜N
−
mn, δ˜N
−
mn = 2
√
2iǫ˜[χ−mn, C].
(7.22)
Notice that since the appropriate shifts are in each case different, the one which simplifies
the Q transformations makes the corresponding Q˜ transformations (not shown) much
more complicated and conversely, the shift which simplifies the Q˜ transformations makes
the corresponding Q transformations (not shown) much more complicated.
Keeping these results in mind, from now on we will focus on the Q formulation, that
is, on the off-shell formulation in which the Q transformations take the form (7.20). The
off-shell action which corresponds to this formulation is:
S(2) = 1
e20
∫
d4xTr
{−∇mB∇mC + 1
2
N+mn
(
N+mn + 2F+mn − 4i[V m, V n]+ )
+
1
2
N−mn
(
N−mn − 4
√
2(∇[mV n])− )+ 1
8
P
(
P + 4
√
2∇mV m
)
+ 4ψm∇nχ+mn + ψm∇mη + ψ˜m∇mη˜ + 4ψ˜m∇nχ−mn
− i
√
2χ+mn[χ+mn, C] + i
√
2 ψ˜m[ψ˜m, B]− 4
√
2 iχ+mn[ψ˜
m, V n]
+ i
√
2 η[ψ˜m, V
m]− i
2
√
2
η[η, C] + i
√
2ψm[ψ
m, B]− i
√
2 η˜[ψm, V
m]
+ 4
√
2 iχ−mn[ψ
m, V n]− i
√
2χ−mn[χ
−mn, C]− i
2
√
2
η˜[η˜, C]− 1
2
[B,C]2
+ 2[B, Vm][C, V
m]
}− 2πiτ0 1
32π2
∫
d4xTr
{ ∗FmnFmn },
(7.23)
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and reverts to (7.11) after integrating out the auxiliary fields. The τ0-independent part of
the action (7.23) isQ-exact, that is, it can be written as aQ-commutator. The appropriate
gauge fermion is:
Ψ+ =
1
e20
∫
d4xTr
{ 1
2
χ+mn
(
N+mn + 2F+mn − 4i[V m, V n]+ )
+
1
2
χ−mn
(
N−mn − 4
√
2(∇[mV n])− )+ 1
8
η˜
(
P + 4
√
2∇mV m
) }
+
1
e20
∫
d4xTr
{ 1√
2
B
(∇mψm + i√2[ψ˜m, V m] ) }
+
1
e20
∫
d4xTr
{ i
4
η[B,C]
}
.
(7.24)
notice that Ψ− would correspond to the ZZ2 transformation of Ψ+. The gauge fermions Ψ̂+
and Ψ̂− in (7.17) are easily obtained after undoing the shifts (7.19) and (7.21), respectively.
Now we switch on an arbitrary background metric gµν of euclidean signature. This is
straightforward once we have expressed the model in the form of eqs. (7.20) and (7.24).
The covariantized transformations are the following:
δAµ = 2ǫψµ, δψµ =
√
2 ǫDµC,
δVµ = −
√
2ǫψ˜µ, δψ˜µ = −2iǫ[Vµ, C],
δC = 0,
δB =
√
2ǫη, δη = 2iǫ[B,C],
δη˜ = ǫP, δP = 2
√
2iǫ[η˜, C],
δχ+µν = ǫN
+
µν , δN
+
µν = 2
√
2iǫ[χ+µν , C],
δχ−µν = ǫN
−
µν , δN
−
µν = 2
√
2iǫ[χ−µν , C],
(7.25)
and the action for the model is defined to be S(2)c = {Q,Ψ+c } − 2πikτ0, with the gauge
fermion (appropriately covariantized):
Ψ+c =
1
e20
∫
X
d4x
√
gTr
{ 1
2
χ+µν
(
N+µν + 2F+µν − 4i[V µ, V ν ]+ )
+
1
2
χ−µν
(
N−µν − 4
√
2(D[µV ν])− )+ 1
8
η˜
(
P + 4
√
2DµV µ
) }
+
1
e20
∫
X
d4x
√
gTr
{ 1√
2
B
(Dµψµ + i√2[ψ˜µ, V µ] )}
+
1
e20
∫
X
d4x
√
gTr
{ i
4
η[B,C]
}
.
(7.26)
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The resulting action reads:
S(2)c =
1
e20
∫
X
d4x
√
gTr
{−DµBDµC + 1
2
N+µν
(
N+µν + 2F+µν − 4i[V µ, V ν ]+ )
+
1
2
N−µν
(
N−µν − 4
√
2(D[µV ν])− )+ 1
8
P
(
P + 4
√
2DµV µ
)
+ 4ψµDνχ+µν + ψµDµη + ψ˜µDµη˜ + 4ψ˜µDνχ−µν
− i
√
2χ+µν [χ+µν , C] + i
√
2 ψ˜µ[ψ˜µ, B]− 4
√
2 iχ+µν [ψ˜
µ, V ν ] + i
√
2 η[ψ˜µ, V
µ]
− i
2
√
2
η[η, C] + i
√
2ψµ[ψ
µ, B]− i
√
2 η˜[ψµ, V
µ] + 4
√
2 iχ−µν [ψ
µ, V ν ]
− i
√
2χ−µν [χ
−µν , C]− i
2
√
2
η˜[η˜, C]− 1
2
[B,C]2 + 2[B, Vµ][C, V
µ]
}
− 2πiτ0 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν }.
(7.27)
If we integrate out the auxiliary fields in (7.27) we recover the action (7.11). To close the
analysis in this section we shall state the relation between our model and those presented
in [14][73]. After integrating out the auxiliary fields N±, our action (with θ0 set to zero)
and transformations match those by Marcus [73] in the α = 1 gauge, after the following
redefinitions (Marcus’ fields and charges are denoted by a subscript M):
QM =
1
2
(Q− iQ˜), Q˜M = 1
2
(Q+ iQ˜),
AM = −A, VM =
√
2V,
ψM = iψ − ψ˜, ψ˜M = iψ + ψ˜,
ηM = −1
2
(η + iη˜), η˜M = −1
2
(η − iη˜),
χM = 2(χ
+ − iχ−), PM = −1
2
P,
CM = − i√
2
B, BM = i
√
2C.
(7.28)
According to Marcus’ conventions, one has to replace simultaneously our hermitean group
generators T with the antihermitean generators TM = −iT .
Similarly, the relation to the theory proposed by Blau and Thompson [14] can be
stated by means of the dictionary,
QBT =
ω
4
(Q+ Q˜), Q¯BT =
ω
4
(Q− Q˜),
ABT = −A, VBT =
√
2V,
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ψBT =
ω
2
(ψ˜ − ψ), ψ¯BT = −ω
2
(ψ + ψ˜),
ηBT = −ω
2
(η − η˜), η¯BT = −ω
2
(η + η˜),
χBT = −2ω(χ+ + χ−), uBT = −1
4
P,
φ¯BT = −
√
2B, φBT =
i√
2
C.
(7.29)
where ω = 1− i. Again, TBT = −iT .
7.2 The theory in the Mathai-Quillen approach
The relevant basic equations for this model can be identified from the fixed points of the δ
symmetry transformations (7.12). They involve the self-dual part of the gauge connection
F+ and a real vector field Vµ taking values in the adjoint representation of some finite
dimensional compact Lie group G:
F+µν − i[Vµ, Vν ]+ = 0,(D[µVν] )− = 0,
DµV µ = 0.
(7.30)
7.2.1 The topological framework
The geometrical setting is a certain compact, oriented Riemannian four-manifold X, and
the field space isM = A×Ω1(X, adP ), where A is the space of connections on a principal
G-bundle P → X, and the second factor denotes, as we have already seen before, 1-forms
on X taking values in the Lie algebra of G. The group G of gauge transformations of the
bundle P has an action on the field space which is given locally by:
g∗(A) = i(dg)g−1 + gAg−1,
g∗(V ) = gV g−1,
(7.31)
where V ∈ Ω1(X, adP ) and A is the gauge connection. In terms of the covariant derivative
dA = d+ i[A, ], the infinitesimal form of the transformations (7.31), with g = exp(−iC)
and C ∈ Ω0(X, adP ), takes the form:
δg(C)A = dAC,
δg(C)V = i[V, C].
(7.32)
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The tangent space to the field space at the point (A, V ) is the vector space T(A,V )M =
Ω1(A)(X, adP ) ⊕ Ω1(V )(X, adP ), where Ω1(A)(X, adP ) denotes the tangent space to A at
A, and Ω1(V )(X, adP ) denotes the tangent space to Ω
1(X, adP ) at V . On T(A,V )M, the
gauge-invariant Riemannian metric (inherited from that on X) is defined as:
〈(ψ, ψ˜), (θ, ω˜)〉 =
∫
X
Tr(ψ ∧ ∗θ) +
∫
X
Tr(ψ˜ ∧ ∗ω˜) (7.33)
where ψ, θ ∈ Ω1(A)(X, adP ) and ψ˜, ω˜ ∈ Ω1(V )(X, adP ).
The basic equations (7.30) are introduced in this framework as sections of the triv-
ial vector bundle V = M × F , where the fibre is in this case F = Ω2,+(X, adP ) ⊕
Ω2,−(X, adP ) ⊕ Ω0(X, adP ). Taking into account the form of the basic equations, the
section reads:
s(A, V ) =
(−2(F+µν − i[Vµ, Vν ]+), 4(D[µVν] )−,√2DµV µ). (7.34)
The section (7.34), being gauge ad-equivariant, descends to a section s˜ of the associated
vector bundleM×GF whose zero locus gives precisely the moduli space of the topological
theory. It would be desirable to compute the dimension of this moduli space. The relevant
deformation complex is the following:
0 −→ Ω0(X, adP ) C−→Ω1(A)(X, adP )⊕ Ω1(V )(X, adP )
ds−→Ω2,+(X, adP )⊕ Ω2,−(X, adP )⊕ Ω0(X, adP ) −→ 0.
(7.35)
The map C : Ω0(X, adP ) −→ TM is given by:
C(C) = (dAC, i[V, C]), C ∈ Ω0(X, adP ), (7.36)
while the map ds : T(A,V )M −→ F is given by the linearization of the basic equations
(7.30):
ds(ψ, ψ˜) =
(−4(D[µψν])+ + 4i[ψ˜[µ, Vν]]+,
4(D[µψ˜ν])− + 4i[ψ[µ, Vν]]−,
√
2Dµψ˜µ +
√
2i[ψµ, V
µ]
)
.
(7.37)
Under suitable conditions, the index of the complex (7.35) computes the dimension of
Ker(ds)/Im(C). To calculate its index, the complex can be split up into the ASD-instanton
deformation complex:
(1) 0 −→ Ω0(X, adP ) dA−→Ω1(X, adP )p+dA−→Ω2,+(X, adP ) −→ 0, (7.38)
and the complex associated to the operator
(2) D = p−dA + d∗A : Ω
1(X, adP ) −→ Ω0(X, adP )⊕ Ω2,−(X, adP ), (7.39)
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which is easily seen to correspond to the instanton deformation complex for self-dual
(SD) connections. Thus, the index of the total complex (which gives minus the virtual
dimension of the moduli space) is:
−dim(M) = ind(1)− ind(2) = ind(ASD) + ind(SD)
= p1(adP ) +
1
2
dim(G)(χ+ σ)− p1(adP ) + 1
2
dim(G)(χ− σ)
= dim(G)χ,
(7.40)
where p1(adP ) is the first Pontryagin class of the adjoint bundle adP , χ is the Euler
characteristic of the 4-manifold X and σ is its signature.
7.2.2 The topological action
We now proceed as in the previous cases. To build a topological theory out of the moduli
problem defined by the equations (7.30), we need the following multiplet of fields. For the
field spaceM = A×Ω1(X, adP ) we introduce the gauge connection Aµ and the one-form
Vµ, both commuting and with ghost number 0. For the (co)tangent space T(A,V )M =
Ω1(A)(X, adP ) ⊕ Ω1(V )(X, adP ) we introduce the anticommuting fields ψµ and ψ˜µ, both
with ghost number 1 and which can be seen as differential forms on the moduli space. For
the fibre F = Ω2,+(X, adP )⊕ Ω2,−(X, adP )⊕ Ω0(X, adP ) we have anticommuting fields
with the quantum numbers of the equations, namely a self-dual two-form χ+µν , an anti-self-
dual two-form χ−µν and a 0-form η˜, all with ghost number −1, and their superpartners,
a commuting self-dual two-form N+µν , a commuting anti-self-dual two-form N
−
µν and a
commuting 0-form P , all with ghost number 0 and which appear as auxiliary fields in
the associated field theory. And finally, associated to the gauge symmetry, we introduce
a commuting scalar field C ∈ Ω0(X, adP ) with ghost number +2, and a multiplet of
scalar fields B (commuting and with ghost number −2) and η (anticommuting and with
ghost number −1), both also in Ω0(X, adP ) and which enforce the horizontal projection
M→M/G [20]. The BRST symmetry of the model is given by:
[Q,Aµ] = ψµ, {Q,ψµ} = DµC,
[Q, Vµ] = ψ˜µ, {Q, ψ˜µ } = i [Vµ, C],
[Q,C] = 0,
{Q,χ+µν} = N+µν , [Q,N+µν ] = i [χ+µν , C],
{Q,χ−µν} = N−µν , [Q,N−µν ] = i [χ−µν , C],
{Q, η˜} = P, [Q,P ] = i [η˜, C],
[Q,B] = η, {Q, η } = i [B,C].
(7.41)
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This BRST algebra closes up to a gauge transformation generated by C.
We have to give now the expressions for the different pieces of the gauge fermion. For
the localization gauge fermion we have:
Ψ loc = 〈(χ+, χ−, η˜), s(A, V )〉+ 〈(χ+, χ−, η˜), (N+, N−, P )〉 =∫
X
√
gTr
{ 1
2
χ+µν
(
N+µν − 2F+µν + 2i[V µ, V ν ]+ )
+
1
2
χ−µν
(
N−µν + 4(D[µV ν])− )+ η˜(P +√2DµV µ ) },
(7.42)
while for the projection gauge fermion, which enforces the horizontal projection, we have:
Ψproj = 〈B, C†(ψ, ψ˜)〉g =
∫
X
√
gTr
{
B
(−Dµψµ + i[ψ˜µ, V µ] ) }. (7.43)
As in the other cases we have studied, it is necessary to add an extra piece to the gauge
fermion to make full contact with the corresponding twisted supersymmetric theory. In
this case, this extra term is:
Ψextra =
∫
X
√
gTr
{ i
2
η[B,C]
}
. (7.44)
It is now straightforward to see that, with the redefinitions
A′ = A, V ′ = − 1√
2
V, η˜′ = −2
√
2η˜,
ψ′ =
1
2
ψ, ψ˜′ =
1
2
ψ˜, P ′ = −2
√
2P,
C ′ =
1
2
√
2
C, χ
′+ = −χ+, χ′− = χ−,
B′ = −2
√
2B, N
′+ = −N+, N ′− = N−,
η′ = −2η,
(7.45)
one recovers, in terms of the primed fields, the twisted model summarized in (7.25) and
(7.26), which corresponds to the topological symmetry Q.
It is worth to remark that one could also consider the “dual” problem built out of the
basic equations: 
F−µν − i[Vµ, Vν ]− = 0,(D[µVν] )+ = 0,
DµV µ = 0.
(7.46)
The resulting theory corresponds precisely to the second type of theory obtained in the
previous section in our discussion of the third twist. The corresponding action has the form
{Q˜,Ψ−} where Q˜ is given in (7.22) and Ψ− is the result of performing a ZZ2-transformation
(see (7.14)) on the gauge fermion Ψ+ in (7.24).
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7.3 Observables
In this section we will analyze the structure of the observables of the theory. Observ-
ables are operators which are Q-invariant but are not Q-exact. A quick look at the
Q-transformations (7.12) shows that the observables are basically the same as in ordinary
Donaldson-Witten theory. However, as there are two anticommuting BRST charges with
the same ghost number, there exist correspondingly, two possible sets of operators:
W0 =Tr(C
2), W˜0 =Tr(C
2),
W1 =
√
2Tr(C ∧ ψ), W˜1 =−
√
2Tr(C ∧ ψ˜),
W2 =Tr(
1
2
ψ ∧ ψ + 1√
2
C ∧ F ), W˜2 =Tr(1
2
ψ˜ ∧ ψ˜ + 1√
2
C ∧ F ),
W3 =
1
2
Tr(ψ ∧ F ), W˜3 =− 1
2
Tr(ψ˜ ∧ F ).
(7.47)
They satisfy the descent equations [Q,Wi} = dWi−1, [Q˜, W˜i} = dW˜i−1, which as we know
imply that
O(γi) =
∫
γi
Wi, and O˜(γj) =
∫
γi
W˜i, (7.48)
for given homology cyles γj of X, are observables. It is interesting to note that W0,1
and W˜0,1 give observables which are invariant under both, Q and Q˜. What is more, the
operator W1 is Q˜-exact, W1 = − 1√2 [Q˜,Tr(C ∧ V )], so it does not contribute to vacuum
expectation values containing only Q˜-closed observables like O(γ0), O(γ1) itself and, as we
shall see in a moment, O(γ2) (besides the O˜(γi)). Indeed, it is possible to modifyW2 adding
an irrelevant Q-exact piece so that the resulting observable is invariant under both, Q
and Q˜. The perturbed two-form,
W ′2 = Tr
{1
2
ψ ∧ ψ + 1
2
ψ˜ ∧ ψ˜ + 1√
2
C ∧ (F + 2iV ∧ V )}
= W2 +
1
2
√
2
{
Q,Tr(ψ˜ ∧ V )}
(7.49)
is both Q and Q˜-closed up to exact forms
[Q,W ′2] = [Q,W2] = dW1, [Q˜,W
′
2] = dW˜1. (7.50)
The two-form W ′2 descends to a three-form in the cohomology of Q,
dW ′2 = {Q,W ′3}, W ′3 =
1
2
Tr
(
ψ ∧ F + 1√
2
d(ψ˜ ∧ V )), (7.51)
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which is again the original three-form W3 plus a (irrelevant) perturbation. However, this
form is not Q˜-closed. We have not been able to find an appropriate additional irrelevant
perturbation which would render W3 Q˜-closed.
Completely analogous arguments hold for the operators W˜i. Thus, the even operators
W0, W
′
2, W˜0 and W˜
′
2 lead to observables corresponding to the even homology classes of
the four-manifold X which are invariant under both Q and Q˜.
Topological invariants are obtained by considering the vacuum expectation value of
arbitrary products of observables: 〈∏
γj
O(γj)
〉
, (7.52)
where it should be understood that
∏
γj
O(γj ) denotes products of operators O(γi) and
O˜(γj ). The general form of this vacuum expectation value is,〈∏
γj
O(γj)
〉
=
∑
k
〈∏
γj
O(γj)
〉
k
e−2πikτ0, (7.53)
where k is the instanton number and 〈∏γj O(γj)〉k is the vacuum expectation value com-
puted at a fixed value of k with an action which is Q-exact,〈∏
γj
O(γj )
〉
k
=
∫
[df ]ke
{Q,Ψ}∏
γj
O(γj). (7.54)
In this equation [df ]k denotes collectively the measure indicating that only gauge con-
figurations of instanton number k enter in the functional integral. These quantities are
independent of the coupling constant e0. When analyzed in the weak coupling limit the
contributions to the functional integral come from field configurations which are solutions
to the equations (7.30). All the dependence of the observables on τ0 is contained in the
sum (7.53).
The Q-symmetry of the theory imposses a selection rule for the products entering
(7.52) which could lead to a possibly non-vanishing result: the ghost number of (7.52)
must be equal to the virtual dimension of the corresponding moduli space. In this case
the virtual dimension is not zero but it is independent of the instanton number k, so
one could obtain contributions from many values of k. Possibly non-trivial topological
invariants for these cases correspond to products of operators (7.52) such that their ghost
number matches the virtual dimension dim(G)χ. One important question is again whether
the vacuum expectation values of these observables have good modular properties under
SL(2,ZZ) transformations. We will now show that in fact these vacuum expectation
values are actually independent of τ0. Thus, in some sense the invariance under SL(2,ZZ)
is trivially realized in this case.
To see how this comes about, let us consider the action (7.17) (in its covariantized
form) in which the auxiliary fields appear quadratically. The bosonic part of this action
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involving only the field strength Fµν and the vector field Vµ can be written in three
equivalent forms. The form of the action S = {Q, Ψ̂+} − 2πikτ0, leads to
−
∫
X
d4x
√
gTr
{ 1
2e20
(
F+µν − 2i[V µ, V ν ]+ )2 + 4
e20
(
(D[µV ν])− )2
+
1
e20
(DµV µ )2 }− 2πiτ0 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν },
(7.55)
the form S = {Q˜, Ψ̂−} − 2πikτ¯0, to
−
∫
X
d4x
√
gTr
{ 1
2e20
(
F−µν − 2i[V µ, V ν ]− )2 + 4
e20
(
(D[µV ν])+ )2
+
1
e20
(DµV µ )2 }− 2πiτ¯0 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν },
(7.56)
and, finally, the form S = 1
2
{Q, Ψ̂+}+ 1
2
{Q˜, Ψ̂−} − 2πikRe(τ0), to
− 1
e20
∫
X
Tr
{ 1
4
(
F µν − 2i[V µ, V ν ] )2 + 2(D[µV ν])2 + (DµV µ )2 }
− 2πiRe(τ0) 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν }.
(7.57)
Now in the short-distance limit the path integral is dominated by the quadratic bosonic
terms in the action. In the first case, the contributions come from the moduli space defined
by Eqs. (7.30). Notice that the normalization factor for Vµ in (7.45) has to be taken into
account since (7.55) corresponds to the action resulting after the twisting. Similarly, in
the second case the contributions come from the moduli space defined by Eqs. (7.46). As
for the third case, however, the contributions come from configurations which solve the
following set of equations: 
Fµν − 2i[Vµ, Vν ] = 0,
D[µVν] = 0,
DµV µ = 0,
(7.58)
which define a moduli space which is the intersection of the other two. This is the moduli
space which appears in the formulation of the third twist presented in [14][73].
There are two different ways to understand that the theory indeed localizes on the
moduli space defined by (7.58). On the one hand, from the identity S = 1
2
{Q, Ψ̂+} +
1
2
{Q˜, Ψ̂−} − 2πikRe(τ0), one can see that vacuum expectation values 〈
∏
j O(j)〉 are inde-
pendent of the coupling constant e0 as long as the observables are simultaneously invariant
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under both, Q and Q˜. In the case at hand this is true at least for vacuum expectation
values involving products of operators O(γ0), O(γ2), and O˜(γ0), O˜(γ2). On the other hand,
one could extend Witten’s arguments leading to his fixed-point theorem [108], to argue
that the theory should localize onto the fixed points of both the BRST symmetries Q and
Q˜ simultaneously, that is to say on the intersection of the zero loci (7.30) and (7.46). This
could be thought of as some sort of generalized localization principle for topological field
theories with more than one BRST symmetry.
Notice that the three points of view lead to three different types of dependence on τ0.
The first one implies that vacuum expectation values are holomorphic in τ0, the second
that they are antiholomorphic, and the third that they depend only on the real part of τ0.
We will solve this puzzle showing that actually the vacuum expectation values are just
real numbers and not functions of τ0.
We first prove that any solution of (7.58) must involve a gauge connection whose
instanton number is zero. Indeed, from the identity,∫
X
d4x
√
gTr
{ ∗Fµν(F µν − 2i[V µ, V ν ] )− 4 ∗ D[µV ν]D[µVν] }
=
∫
X
d4x
√
gTr
{ ∗FµνF µν },
(7.59)
follows that any solution of (7.58) must have k = 0. This implies that only configurations
with vanishing instanton number contribute and therefore:〈∏
γj
O(γj )
〉
=
〈∏
γj
O(γj)
〉
k=0
, (7.60)
which is clearly independent of τ0. From (7.55) and (7.56) follows that for k = 0 a solution
to the equations of the first moduli space (7.30) is also a solution to the ones of the second
(7.46) and therefore also to the ones of the third (7.58). For k 6= 0, however, one can
have solutions to the equations of the first moduli space which are not solutions to the
equations of the second and therefore neither to the ones of the third. For k 6= 0 the
quantities 〈∏γj O(γj)〉k are different in each point of view. They clearly vanish in the
third case. On the other hand, there is no reason why they should also vanish in the
other two cases. Our results, however, suggest that they do vanish. We have shown it
at least for vacuum expectation values involving products of operators O(γ0), O(γ2), and
O˜(γ0), O˜(γ2).
We will end this section by recalling a vanishing theorem which has already been
discussed in [73] and which tells us when the third moduli space (7.58) reduces to the
moduli space of flat connections. The equations (7.58) have the immediate solution V = 0,
F = 0, that is, the moduli space of flat connections is contained in the moduli space defined
by the equations (7.58). We will show that under certain conditions both moduli spaces
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are in fact the same. To see this note that since,∫
X
d4x
√
gTr
{ 1
4
(
F µν − 2i[V µ, V ν ] )2 + 2(D[µV ν])2 + (DµV µ )2 }
=
∫
X
d4x
√
gTr
{DµVνDµV ν +RµνV µV ν + 1
4
FµνF
µν − ([Vµ, Vν ])2 },
(7.61)
it follows that if the Ricci tensor is such that
RµνV
µV ν > 0 for V 6= 0, (7.62)
the solutions to the equations (7.58) are necessarily of the form V = 0, F = 0, and thus
the moduli space is the space of flat gauge connections on X.
Appendix
We will now summarize the conventions used in this work. Basically we will describe
the elements of the positive and negative chirality spin bundles S+ and S− on a four-
dimensional spin manifold X endowed with a vierbein emµ and a spin connection ωmnµ .
The spaces of sections of the spin bundles S+ and S− correspond, from the field-theory
point of view, to the set of two-component Weyl spinors defined on the manifold X.
These are the simplest irreducible representations of the holonomy group SO(4). We
will denote positive-chirality (or negative-chirality) spinors by indices α, β, . . . = 1, 2 (or
α˙, β˙, . . . = 1, 2). Spinor indices are raised and lowered with the SU(2) invariant tensor
Cαβ (or Cα˙β˙) and its inverse C
αβ (or C α˙β˙), with the conventions C21 = C
12 = +1, so that,
CαβC
βγ = δα
γ, CαβC
γδ = δα
δδβ
γ − δαγδβδ,
Cα˙β˙C
β˙γ˙ = δα˙
γ˙, Cα˙β˙C
γ˙δ˙ = δα˙
δ˙δβ˙
γ˙ − δα˙γ˙δβ˙ δ˙.
(A.1)
The spinor representations and the vector representation associated to S+⊗ S− are
related by the Clebsch-Gordan σmαα˙ = (i1, ~τ ) and σ¯
mα˙α = (i1,−~τ ), where 1 is the 2× 2
unit matrix and ~τ = (τ 1, τ 2, τ 3) are the Pauli matrices,
τ 1 =
(
0 1
1 0
)
, τ 2 =
(
0 −i
i 0
)
, τ 3 =
(
1 0
0 −1
)
. (A.2)
The Pauli matrices satisfy:
τaτb = iǫabcτc + δab1, (A.3)
where ǫabc is the totally antisymmetric tensor with ǫ123 = 1.
Under an infinitesimal SO(4) rotation a Weyl spinor Mα, α = 1, 2, associated to S
+,
transforms as:
δMα =
i
2
ǫmn(σ
mn)α
βMβ , (A.4)
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where ǫmn = −ǫnm are the infinitesimal parameters of the transformation. On the other
hand, a Weyl spinor N α˙, α˙ = 1, 2, associated to S−, transforms as,
δN α˙ =
i
2
ǫmn(σ¯mn)
α˙
β˙N
β˙ . (A.5)
The matrices σmn and σ¯mn are antisymmetric in m and n and are defined as follows:
σmnα
β =
i
2
σ[mαα˙σ¯
n]α˙β, σ¯mnα˙β˙ =
i
2
σ¯[mα˙ασn]αβ˙ . (A.6)
They satisfy the self-duality properties,
σmn =
1
2
ǫmnpqσpq, σ¯
mn = −1
2
ǫmnpqσ¯pq, (A.7)
and the SO(4) algebra,
[σmn, σpq] = i(δmpσnq − δmqσnp − δnpσmq + δnqσmp). (A.8)
The same algebra is fulfilled by σ¯mn.
Let us consider the covariant derivative Dµ on the manifold X. Acting on an element
of Γ(X,S+) it has the form:
DµMα = ∂µMα +
i
2
ωmnµ (σmn)α
βMβ, (A.9)
where ωmnµ is the spin connection. Defining Dαα˙ as,
Dαα˙ = (σn)αα˙e
nµDµ, (A.10)
where enµ is the vierbein on X, the Dirac equation for M ∈ Γ(X,S+) and N ∈ Γ(X,S−)
can be simply written as,
Dαα˙M
α = 0, Dαα˙N
α˙ = 0. (A.11)
Let us now introduce a principal G-bundle P → X with its associated connection one-form
A, and let us consider that the Weyl spinorsMα realize locally an element of Γ(S
+⊗adP ),
i.e., they transform under aG gauge transformation in the adjoint representation – indeed,
adP is the vector bundle associated to P through the adjoint representation of the gauge
group on its Lie algebra:
δMaα = i[Mα, φ]
a = −i(T c)abM bαφc, (A.12)
where (T a)bc = −ifabc, a = 1, · · · , dim(G), are the generators of G in the adjoint repre-
sentation, which are traceless and hermitian. In (A.12) φa, a = 1, · · · , dim(G), denote
the infinitesimal parameters of the gauge transformation.
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In terms of the gauge connection A, the covariant derivative (A.9) can be promoted
to a full covariant derivative acting on sections in Γ(X,S+ ⊗ adP ),
DµMα = ∂µMα + i
2
ωmnµ (σmn)α
βMβ + i[Aµ,Mα], (A.13)
and its analogue in (A.10):
Dαα˙ = (σn)αα˙enµDµ. (A.14)
In terms of the full covariant derivative the Dirac equations (A.11) become:
Dαα˙Mα = 0, Dαα˙N α˙ = 0. (A.15)
Given an element of Γ(X,S+ ⊗ adP ), Mα = (a, b) we define Mα = (a∗, b∗). In this way,
given M,N ∈ Γ(X,S+ ⊗ adP ), the gauge-invariant quantity entering the metric
1
2
Tr
(
M
α
Nα +N
α
Mα
)
, (A.16)
is positive definite. With similar arguments the corresponding gauge invariant metric in
the fibre Γ(X,S− ⊗ adP ), which we define as
1
2
Tr
(
M α˙N
α˙ +N α˙M
α˙
)
, (A.17)
for M,N ∈ Γ(X,S− ⊗ adP ), can be seen to be positive definite, too. For self-dual two-
forms Y, Z ∈ Γ(X,Λ2,+T ∗X ⊗ adP ) ≡ Ω2,+(X, adP ) our definition of the metric is the
following:
〈Y, Z〉 =
∫
X
Tr
(
Y ∧ ∗Z ) = 1
2
∫
X
Tr
(
YµνZ
µν
)
= −1
4
∫
X
Tr
(
YαβZ
αβ
)
, (A.18)
where Yαβ = σ
µν
αβYµν (and similarly for Z), and we have used the identity
YαβZ
αβ = −2Y +µνZ+µν . (A.19)
Acting on an element of Γ(X,S+ ⊗ adP ) the covariant derivatives satisfy:
[Dµ,Dν ]Mα = i[Fµν ,Mα] + i
2
Rµν
mn(σmn)α
βMβ , (A.20)
where Fµν are the components of the two-form field strength:
F = dA+ iA ∧ A, (A.21)
and Rµν
mn the components of the curvature two-form,
Rmn = dωmn + ωmp ∧ ωpn, (A.22)
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being ωmn the spin connection one-form. The scalar curvature is defined as:
R = eµme
ν
nRµν
mn, (A.23)
and the Ricci tensor as:
Rκλ = e
µ
menλRµκ
mn. (A.24)
The components of the curvature two-form (A.22) are related to the components of the
Riemann tensor as follows:
Rµνκλ = eκmeλnRµν
mn. (A.25)
The Riemann tensor satisfies the following algebraic properties:
(a) Symmetry:
Rλµνκ = Rνκλµ, (A.26)
(b) Antisymmetry:
Rλµνκ = −Rµλνκ = −Rλµκν = +Rµλκν , (A.27)
(c) Cyclicity:
Rλµνκ +Rλκµν +Rλνκµ = 0. (A.28)
Notice that (A.28) implies that
ǫµνκσRλµνκ = 0. (A.29)
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